
Analysis and Computation of Vector Functionalized Cahn
Hilliard Equations and Application to Amphiphilic Materials

Brian Wetton (Mathematics, UBC)

1 Overview of the Field
Patterns are ubiquitous in nature [3, 4, 5] and have been systematically studied for over a century [19].
This BIRS research in teams group focussed on mathematical models for the diffusion driven self-assembled
morphologies of amphiphilies: molecules containing both hydrophilic and hydrophobic components. This
class of materials ranges in size from lipids and surfactants, with molecular weight around 500, to block
copolymers and graft copolymers which can be 10-1000 times larger [1]. Despite the size disparity, all
amphiphiles are driven to form similar nanoscaled, phased separated network patterns and their defects. There
are a wide variety of structures to be understood, such as bilayers, pores, micelles, pearled structures, end-
caps and Y-junctions [11, 18, 9, 13, 6]. Each of these patterns are abundant in biological structures including
cell membranes, and act as indispensable functional elements with technical applications to pharmaceutics,
emulsion stabilization, detergent production and energy conversion devices [1, 2, 14, 17, 15].

The team of Arjen Doelman (Mathematics, Leiden), Keith Promislow (Mathematics, MSU), Brian Wet-
ton (Mathematics, UBC) and Qiliang Wu (Mathematics, MSU) came together to discuss how the gradient
flow of the functionalized Cahn-Hilliard (FCH) free energy could describe the structures appearing in these
materials. The group has expertise in dynamical systems techniques, combined with differential geometry,
using computational simulation tools to guide the analysis and confirm results. The emphasis of the proposed
work was on the existence of solutions representing patterns in amphiphilic morphology, their defects and
their interfaces, together with their qualitative properties, such as linear and nonlinear stability, instabilities,
bifurcations and continuations.

Given the ubiquity in biological structures and wide-range technical applications of amphiphiles, the im-
portance of revealing the pattern-forming mechanism behind the rich amphiphilic morphology is self-evident.
Due to the lack of such a mechanism, it is always a big challenge to control and tune the mixture and its ex-
ternal and internal conditions to achieve the desired nano scale self-assembled morphologies. Unfortunately,
even the finest coarse-grained particle based simulation is on the order of nanoseconds, while the time scale
for the amphiphilic morphology is in minutes, hours and even days [33, 36]. The functionalized Cahn-Hilliard
free energy is the first analytical continuum model, admitting stable pattern solutions which resemble those in
amphiphilic self-assemblies. As such, it provides a prototype, a platform for further and deeper understanding
about amphiphilic morphology.
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2 Recent Developments and Open Problems
Some analytic analytic results have been obtained for the FCH relevant to the underlying materials science
questions. One version of the scalar FCH equation is

ut = ∆
(
(ε2∆ −W ′′(u) + εη1)(ε2∆u−W ′(u)) + εηdW

′(u)
)
, (1)

see [10] for details. It is the H−1 gradient flow of the FCH energy. It is expected that stable patterns are
solutions of

(ε2∆ −W ′′(u) + εη1)(ε2∆u−W ′(u)) + εηdW
′(u) = εγ. (2)

The constant γ can be thought of as a Lagrange multiplier arising from the mass conservation. The funda-
mental differences to the classical Cahn-Hillard equation are that interface area can be promoted (depending
on the sign of the η parameters); in addition, the distinguished limit of interest does not have a constant ratio
of material in the phases. Rather, there is a dominant bulk phase (solvent in some cases) and a thin interface
region of the second phase (single component amphiphilic material). Some results on the scalar system are
known [8, 10, 12, 16]. These are of the type where local structures are found considering asymptotic ver-
sions of (2) and found to be stable (or have long time evolution of known character) under perturbation of
lower order terms. There is mounting evidence from this work that the FCH model can describe the observed
structure, and changes in the behaviour in structure in changing conditions, of these materials.

Numerical computation of (1) is challenging due to the wide variations in space and time scales that need
to be captured. The high PDE order makes the time evolution of spatial discretizations very stiff. It should
also be said that the computational problem is not a fixed target: numerical methods must be easily adapted to
new terms and new parameter scaling as researchers explore the models for regimes in which mathematically
interesting and physically relevant phenomena occur. Some progress has been made on such a computational
framework [7] on scalar computational architecture.

A major extension to this model is to a vector version, capable of describing three phase problems.
Of early interest are materials with a solvent and two different amphiphilic materials. This type of model
could describe lipid bilayers, in which the lipids on either side of the bilayer are different, leading to an
intrinsic curvature. Vector models naturally allow a non-conservative perturbation to the energy, and so to
the asymptotic interface profile problem, that leads to mathematical complications. The first extension of
the numerical framework to the vector FCH (unpublished) is relatively crude. The scalar case was already a
difficult computational problem, and the vector case has yet another source of stiffness in sharp transitions
in the vector potentials of interest. Our purpose at BIRS was the preliminary investigation of vector FCH
models and their relevance to materials science applications.

3 Scientific Progress Made
It is clear in the scalar case that the shape of the potential has an impact on the type of structures that emerge.
In the scalar case, this impact can be described by only a few parameters. In the vector case, the shape of the
potential (a function of two variables) has a much richer variety. We identified two cases that we believed
were amenable to analysis and would lead to interesting structures: “billiard wells” that would allow bilayer
structures, and “radial wells” in which at highest order the two amphiphilic materials could co-exist without
energy penalty. Having these two particular cases in mind focussed the discussion of the analysis and gave
concrete goals for the computations.

Computations on the vector problem done at the meeting revealed that there is a much more complicated
interaction of interfacial structures with the background state than in the scalar case. This was then understood
analytically.

At a high level, a general framework for the analysis of the interfacial structure (a high dimensional
ODE system) was realized. We understood how instabilities of three types (meander, phase separation and
pearling) would enter. While a great deal of technical analysis remains to put these ideas on rigorous footing,
there is now a clear path forward into this complicated system.
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4 Outcome of the Meeting
We have planned a sequence of papers coming from the discussion at BIRS:

• Analysis paper on the vector FCH equation with mollified billiard potentials, showing the persistence
of interface profiles with mollification and other perturbations, and the existence of a sharp interface
limit.

• A more general paper looking at the non-symmetric local vector interface profile problem and the three
types of instability we identified. Numerical examples using the billiard and radial potentials will be
used to show the structure. This paper is intended to be an invitation to analysts, highlighting the
phenomena that could be amenable to rigorous study.

• More rigorous analysis of some of the cases from the previous general paper. We believe the phase
separation due to morphology in the radial potential is amenable.

• An application paper, targeted to the experimental lipid researchers, showing the correspondence of
phenomena they observe to parameter values in the model. Optimistically, this paper would include a
direct correspondence of material properties they can measure to FCH model parameters.

• A technical paper on the analysis of a particularly interesting edge bifurcation that occurs in the study
of the vector interface problem.

• Computational study validating the convergence of the FCH with the billiard potential to the sharp
interface limit predicted in paper #1.

5 Thanks
Three of us have administrative roles at our home institutions. We are especially thankful to BIRS for giving
us this chance to get together and work on these problems uninterrupted by the daily routine.

References
[1] Paschalis Alexandridis and Bjoern Lindman. Amphiphilic block copolymers: self-assembly and appli-

cations. Elsevier, 2000.

[2] Bruno Ameduri. From vinylidene fluoride (vdf) to the applications of vdf-containing polymers and
copolymers: Recent developments and future trends??. Chemical Reviews, 109(12):6632–6686, 2009.
PMID: 19731907.

[3] Philip Ball. Nature’s patterns: a tapestry in three parts. Branches. Oxford University Press, Oxford,
2009.

[4] Philip Ball. Nature’s patterns: a tapestry in three parts. Flow. Oxford University Press, Oxford, 2009.

[5] Philip Ball. Nature’s patterns: a tapestry in three parts. Shapes. Oxford University Press, Oxford,
2009.

[6] Itay Budin and Jack Szostak. Physical effects underlying the transition from primitive to modern cell
membranes. Proceedings of the National Academy of Sciences, 108(13):5249–5254, 2011.

[7] Andrew Christlieb, Jaylan Jones, Keith Promislow, Brian Wetton, and Mark Willoughby. High accuracy
solutions to energy gradient flows from material science models. Journal of Computational Physics,
257, Part A:193 – 215, 2014.

[8] Shibin Dai and Keith Promislow. Geometric evolution of bilayers under the functionalized cahn–
hilliard equation. Proceedings of the Royal Society A: Mathematical, Physical and Engineering Science,
469(2153), 2013.



4

[9] Dennis Discher and Adi Eisenberg. Polymer vesicles. Science, 297(5583):967–973, 2002.

[10] Arjen Doelman, Gurgen Hayrapetyan, Keith Promislow, and Brian Wetton. Meander and pearling of
single-curvature bilayer interfaces in the functionalized Cahn-Hilliard equation. SIAM Journal Math.
Analysis, 46:3640–3677, 2014.
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