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Herd Immunity

Herd Immunity: What percentage of the population needs immunity
to stop the spread of an epidemic?

In the SIR model for a homogeneously mixing population, herd
immunity is reached at 1 − 1/R0

What do we do when the population is heterogeneous?
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Ball, Britton, Trapman - Model 1

Age Groups

6 groups: 0-5, 6-12, 13-19, 20-39, 40-59 and 60+

ajk is the contact intensity from group j to group k

πj is the population fraction of group j

πkajk is the entries of the contact matrix

π = (0.0725, 0.0866, 0.1124, 0.3323, 0.2267, .01695)
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Ball, Britton, Trapman - Model 2

Activity Levels

3 groups per age group: low, normal, high

low is half as social, high is twice as social

low is 25% of the population, high is 25% of the population

Example: Group j low to group k high is

ajk(0.5 × 2)(0.25πk)

By combining the two layers, the model can be summed by an 18x18
matrix
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Ball, Britton, Trapman - Herd Immunity

α is a reduction factor for contact intensities, represents preventative
measures, which are removed day 130

herd immunity = number infected for smallest α with no wave 2
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Ball, Britton, Trapman - Herd Immunity

Adding population structure decreases hD
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Ball, Britton, Trapman - Herd Immunity

hD is achieved from a certain distribution of immunity among the
population groups.

What happens if we change that distribution?

We now try some simpler models where we can compute herd immunity as
a vector.
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Simple Model 1: Two Groups(
a11π1 a12π2
a21π1 a22π2

)
Solving for eigenvalues gives

λ2 − (a11π1 + a22π2)λ+ π1π2 det(a) = 0

Then the largest eigenvalue (R0) is

λmax =
(a11π1 + a22π2) +

√
(a11π1 + a22π2)2 − 4π1π2 det(a)

2

so if we want R0 = λmax = 1, then

a11π1 + a22π2 < 2

π2 =
1 − a11π1

a22 − det(a)π1

Maximize π1 + π2. This is tedious when more than 2 groups.
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Simple Model 2: Activity Level

Let αk be the activity level of group k . Just like in Ball, Britton, Trapman

bjαjckαkπk

Setting

v = (ckαkπk)T

w = (bjαj)

Our contact matrix is vw

The matrix is rank 1, so only one nonzero eigenvalue

w(vw) = (w · v)w so eigenvalue is w · v and left eigenvector is w
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Simple Model 2: Activity Level - Example

Going back to Ball, Britton, Trapman

3 activity levels: low, normal, high

α = (0.5, 1, 2)

π = (0.25, 0.5, 0.25)

v(π) = β(0.5 × 0.25, 1 × 0.5, 2 × 0.25)T

w = (0.5, 1, 2)/γ

Setting the eigenvalue w · v(π) = R0 = 2.5 and γ = 0.2, we find β = .32
Immunity in group j decreases πj , so to find herd immunity, set R0 = 1

1 = w · v(π) =
.32

0.2
(0.52π1 + π2 + 22π3)

Setting π = (0.25, 0.5, 1/64), we can achieve herd immunity at
1 − (0.25 + 0.5 + 1/64) ≈ 0.233
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Conclusions

Ball, Britton, Trapman calculated herd immunity hD = 0.463 > 0.233
so achieving herd immunity is easier when you get to pick who
becomes immune, rather than the virus.

The activity model’s contact matrix being rank 1 makes it easy to
compute R0 and herd immunity.

THANK YOU!
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