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I
Boudary Hardy Inequality: Local case

[J.L.Lewis (1988)] Let Q C R Lipschitz bounded domain and
1 < p < co. There exists a constant C = C(d, p,Q2) > 0 such that

p
/ u(x)| /|vu )P, forall ue C(Q).

aQ (x) ~

(539(X) = diSt(X, 39) .
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Boudary Hardy Inequality: Local case

[J.L.Lewis (1988)] Let Q C R Lipschitz bounded domain and
1 < p < co. There exists a constant C = C(d, p,Q2) > 0 such that

u(x)[P _ 00
|Vu )P, forall ue CZ(Q).
aQ(X

(539(X) = diSt(X, 39) .

critical case p =1 - fails Q =(0,2) , un(t) = t* near 0, a« — 0.
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I
Boudary Hardy Inequality: Local case

[J.L.Lewis (1988)] Let Q C R Lipschitz bounded domain and
1 < p < co. There exists a constant C = C(d, p,Q2) > 0 such that

p
/ u(x)| /|vu )P, forall ue C(Q).

aQ (x) ~

(539(X) = diSt(X, 39) .

critical case p =1 - fails Q =(0,2) , un(t) = t* near 0, a« — 0.

To present the appropriate inequality for p = 1
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Boundary Hardy Inequality: Non local case

B. Dyda [2004]. Let s € (0,1) and sp > 1. Let Q C RY be Lipschitz
bounded domain. There exists a constant C = C(d, p,s,Q) > 0 such that

u(x)|P lu( -
/5(59,;2 // |x—y|5P+d dx for all u € C°(Q).
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Boundary Hardy Inequality: Non local case

B. Dyda [2004]. Let s € (0,1) and sp > 1. Let Q C R? be Lipschitz
bounded domain. There exists a constant C = C(d, p,s,Q) > 0 such that

u(x)|P lu( -
/5(59,&32 // |x—y|5P+d dx for all u € C°(Q).

critical case sp =1 - fails - Weight % is too singular near the boundary.
Given by Dyda.
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Boundary Hardy Inequality: Non local case

B. Dyda [2004]. Let s € (0,1) and sp > 1. Let Q C R? be Lipschitz
bounded domain. There exists a constant C = C(d, p,s,Q) > 0 such that

u(x)|P | y)|P -
/5(59,52 // |x—y\5P+d ————"dx, forall ue C*(Q).

critical case sp =1 - fails - Weight % is too singular near the boundary.
Given by Dyda.

Appropriate inequality for sp=1.
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Some Other work on the Critical case :

Local Case:

p
/ [u(x)] < C/ |Vul|P, forall ue C(Q).
Q Q

[x[P
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Some Other work on the Critical case :

Local Case:

p
/ [u(x)] < C/ |Vul|P, forall ue C(Q).
Q Q

[x[P

critical case p=d

—|u(x)|P ulP, forall u >
/Q|n(x/R)p|xyp < C/Q|V P, for all u € C=(Q). (1)
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Some Other work on the Critical case :

- Lon-local case- ,

/ Msp C//||XX)__y,LC’,(+ys)|p, forall ue C2(Q).  (2)
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Some Other work on the Critical case :

- Lon-local case- ,
u(x)—u y P o

- Edmund, Triebel (1999) - Q = RY, sp = d- log term appears.
- H.M. Nguyen and M. Squassina (2018) sp=d , Q = RY C-K-N
inequality.
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The critical case sp = 1.

There is an additional problem- W;*(2) = W*P(Q) for sp = 1, constant
functions are the allowed to be plugged in.
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The critical case sp = 1.

There is an additional problem- W;*(2) = W*P(Q) for sp = 1, constant
functions are the allowed to be plugged in.

Expected Inequality:

P

L—>0 x — 0N.

¥(x)
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Our result: d = 1, Adimurthi, Jana and d > 1 Adimurthi,
Sahu.)

Theorem
For p > 1, we have the optimal inequality

lu(x)P // Ju(x) = u(y)l?
*(Q
q daq(x) InP( 5aQ/R =¢ y|d+1 +C|U|pQ, Yue C(Q)
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Our result: d = 1, Adimurthi, Jana and d > 1 Adimurthi,
Sahu.)

Theorem

For p > 1, we have the optimal inequality

()P o) — )P )
q daa(x) InP( 539/,‘? C// |d+1 g TClulpa, Vue Q)

Optimal in the sense that we cannot replace W by any other
function that goes faster to zero as x — 0.
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e
|dea of the proof of Q = (0, 2)

- Diadic decomposition A := {x | 2k < x < 2k+1} for k = —1,-2,---

|ul?
/Ak x| InP(2/x)

C p C ,
< —K)P1A] Ak(lu—(U)Ak| +[(ua )P < = Cop {[uls,p.ac + [(ua,) P}
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e
|dea of the proof of Q = (0, 2)

- Diadic decomposition A := {x | 2k < x < 2k+1} for k = —1,-2,---

|ul?
/Ak x| InP(2/x)

C p C ,
< —K)P1A] Ak(lu—(U)Ak| +[(ua )P < = Cop {[uls,p.ac + [(ua,) P}

C is independent of k.

Hardy type inequalities: critical cases 16th September, 2024


prosenjit@iitk.ac.in

e
|dea of the proof of Q = (0, 2)

- Diadic decomposition A := {x | 2k < x < 2k+1} for k = —1,-2,---

|ul?
/Ak x| InP(2/x)

C p C ,
< —K)P1A] Ak(lu—(U)Ak| +[(ua )P < = Cop {[uls,p.ac + [(ua,) P}

C is independent of k. Sum k=meZ™ to k= -1,

1
/2m | |np(2/x Z Clulsp.a, + Z c

)P

u
< C[U]sp,02)+ Z C ( Ak)p
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|(U)Ak|p < |(U)Ak+1 + C[U]S,P7AkUAk+1|p
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|(U)Ak|p < |(U)Ak+1 + C[U]S,P7AkUAk+1|p

- |(U) klp = (U)Qkﬂ .- P
k;n W = kzzm (Ck—(1/2)1 " Ckzzm[u]s””AkUAk“'
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|(U)Ak|p < |(U)Ak+1 + C[U]S,P7AkUAk+1|p‘

-1

— |(u) klp (u)ikﬂ - P
2 ﬁ = ;7 (Ck—(1/2)p 1 Cé[“]s,p,AkuAk+1-

k=m

[ 1 1 1
EERPY {(—k)”‘l T k(12 (k)P} (Wal?

k=m+1
1
S C|(U)A0|p + C Z [u]g,p,AkUAk+1'
k=m
-1 )A
Z ; 7 < Clulp02) + Clulsp02)
k:m
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I
|dea of the Proof of optimality

-Q=(0,2)-p=2,sp=1

log e

\l I§§x||’ X € (076)
u(x) =141, x € (e,1—¢),

| log(1—¢)|

%, X € (1 — €, 1)
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I
|dea of the Proof of optimality

-Q=(0,2)-p=2,sp=1

[Tog x|’ X € (07‘5)
u(x) =141, x € (e,1—¢),
| log(1—¢)|
fi=dl, xe(1-e1)
Then, . ,
e — U 1 1
/(u :)dx: +O(_)
0 Oxlog” dx 3| log €] |log €|
and

2
// (wel) = eV gy« € +O( 1 )
x =y | log €| | log €|

For our notation o(d) is a term such that 0(5) — 0.
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Theorem
For p > 1, we have

)PP, - Ju(x) — u(y)I? .
a daa(x )I P(da /R)<C// Xy +ulpa, YueCX(Q)

- cannot put p = 1 above. what happens for the critical case p =1 77
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Theorem
Llet B>1m>2

|u(x)|
Q 559(X)£1 (

< C2™M(1

5a§;?(x)) oy (5",§,X)) Lo (5919))

) o

+ |ul1, YV ue WSHQ).
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I
Local Boundary Hardy for p = 1

Letting s — 1— in the above inequality and using Brezis, Bourgain,
Mironescu, Davilla,

Jim -s) [ [~ cluavio),

Theorem
g>1

iy (M577) 2o (%52) 22 (%52 = ctdovn
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THANKS A LOT.
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