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Boudary Hardy Inequality: Local case

[J.L.Lewis (1988)] Let Ω ⊂ Rd Lipschitz bounded domain and
1 < p <∞. There exists a constant C = C (d , p,Ω) > 0 such that∫

Ω

|u(x)|p

δp∂Ω(x)
≤ C

∫
Ω
|∇u(x)|p, for all u ∈ C∞

c (Ω).

δ∂Ω(x) = dist(x , ∂Ω) .

critical case p = 1 - fails Ω = (0, 2) , uα(t) = tα near 0 , α→ 0.

To present the appropriate inequality for p = 1
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Boundary Hardy Inequality: Non local case

B. Dyda [2004]. Let s ∈ (0, 1) and sp > 1. Let Ω ⊂ Rd be Lipschitz
bounded domain. There exists a constant C = C (d , p, s,Ω) > 0 such that∫

Ω

|u(x)|p

δsp∂Ω(x)
≤ C

∫
Ω

∫
Ω

|u(x)− u(y)|p

|x − y |sp+d
dx , for all u ∈ C∞

c (Ω).

critical case sp = 1 - fails - Weight 1
δ∂Ω

is too singular near the boundary.
Given by Dyda.

Appropriate inequality for sp=1.
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Some Other work on the Critical case :

Local Case: 1 < p < d∫
Ω

|u(x)|p

|x |p
≤ C

∫
Ω
|∇u|p, for all u ∈ C∞

c (Ω).

critical case p = d∫
Ω

|u(x)|p

ln(x/R)p|x |p
≤ C

∫
Ω
|∇u|p, for all u ∈ C∞

c (Ω). (1)
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Some Other work on the Critical case :

- Lon-local case- sp < d ,∫
Ω

|u(x)|p

|x |sp
≤ C

∫
Ω

∫
Ω

|u(x)− u(y)|p

|x − y |d+sp
, for all u ∈ C∞

c (Ω). (2)

- Edmund, Triebel (1999) - Ω = Rd , sp = d- log term appears.

- H.M. Nguyen and M. Squassina (2018) sp=d , Ω = Rd C-K-N
inequality.
.

P. Roy ( prosenjit@iitk.ac.in ) Hardy type inequalities: critical cases 16th September, 2024 5 / 14

prosenjit@iitk.ac.in


Some Other work on the Critical case :

- Lon-local case- sp < d ,∫
Ω

|u(x)|p

|x |sp
≤ C

∫
Ω

∫
Ω

|u(x)− u(y)|p

|x − y |d+sp
, for all u ∈ C∞

c (Ω). (2)

- Edmund, Triebel (1999) - Ω = Rd , sp = d- log term appears.

- H.M. Nguyen and M. Squassina (2018) sp=d , Ω = Rd C-K-N
inequality.

.

P. Roy ( prosenjit@iitk.ac.in ) Hardy type inequalities: critical cases 16th September, 2024 5 / 14

prosenjit@iitk.ac.in


Some Other work on the Critical case :

- Lon-local case- sp < d ,∫
Ω

|u(x)|p

|x |sp
≤ C

∫
Ω

∫
Ω

|u(x)− u(y)|p

|x − y |d+sp
, for all u ∈ C∞

c (Ω). (2)

- Edmund, Triebel (1999) - Ω = Rd , sp = d- log term appears.

- H.M. Nguyen and M. Squassina (2018) sp=d , Ω = Rd C-K-N
inequality.
.

P. Roy ( prosenjit@iitk.ac.in ) Hardy type inequalities: critical cases 16th September, 2024 5 / 14

prosenjit@iitk.ac.in


The critical case sp = 1.

There is an additional problem- W s,p
0 (Ω) = W s,p(Ω) for sp = 1, constant

functions are the allowed to be plugged in.

Expected Inequality:∫
Ω

1

ψ(x)

|u(x)|p

δ∂Ω(x)
≤ C

∫
Ω

∫
Ω

|u(x)− u(y)|p

|x − y |2
+ |u|p,Ω, for all u ∈ C∞

c (Ω)

1

ψ(x)
→ 0, x → ∂Ω.
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Our result: d = 1, Adimurthi, Jana and d > 1 Adimurthi,
Sahu.)

Theorem

For p > 1, we have the optimal inequality∫
Ω

|u(x)|p

δ∂Ω(x)

1

lnp(δ∂Ω/R)
≤ C

∫
Ω

∫
Ω

|u(x)− u(y)|p

|x − y |d+1
+C |u|p,Ω, ∀ u ∈ C∞

c (Ω)

Optimal in the sense that we cannot replace 1
lnp(δ∂Ω(x)/R) by any other

function that goes faster to zero as x → 0.
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Idea of the proof of Ω = (0, 2)

- Diadic decomposition Ak := {x | 2k < x ≤ 2k+1}, for k = −1,−2, · · · .

∫
Ak

|u|p

|x | lnp(2/x)

≤ C

(−k)p|Ak |

∫
Ak

(|u−(u)Ak
|p+|(uAk

)|p ≤ C

(−k)p
{[u]s,p,Ak

+ |(uAk
)|p} .

C is independent of k . Sum k = m ∈ Z− to k = −1,∫ 1

2m

|u|p

|x | lnp(2/x)
≤

−1∑
k=m

C [u]s,p,Ak
+

−1∑
k=m

C
|(uAk

)|p

(−k)p

≤ C [u]s,p,(0,2) +
−1∑
k=m

C
|(uAk

)|p

(−k)p
.
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|(u)Ak
|p ≤

∣∣(u)Ak+1
+ C [u]s,p,Ak∪Ak+1

∣∣p .

−1∑
k=m

|(u)Ak
|p

(−k)p−1
≤

−1∑
k=m

(u)pAk+1

(−k − (1/2))p−1
+ C

−1∑
k=m

[u]ps,p,Ak∪Ak+1
.

|(u)Am |p

(−m)p−1
+

−1∑
k=m+1

{
1

(−k)p−1
− 1

(−k + (1/2))p−1
∼ 1

(−k)p

}
|(u)Ak

|p

≤ C |(u)A0 |
p + C

−1∑
k=m

[u]ps,p,Ak∪Ak+1
.

−1∑
k=m

|(u)Ak
|p

(−k)p−1
≤ C |u|p,(0,2) + C [u]s,p,(0,2).
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Idea of the Proof of optimality

- Ω = (0, 2)- p = 2, sp = 1

uϵ(x) =


| log ϵ|
| log x | , x ∈ (0, ϵ)

1, x ∈ (ϵ, 1− ϵ),
| log(1−ϵ)|
| log(1−x)| , x ∈ (1− ϵ, 1).

Then, ∫ 1

0

(uϵ − ūϵ)
2

δx log
2 δx

dx =
1

3| log ϵ|
+ o

(
1

| log ϵ|

)
and ∫ 1

0

∫ 1

0

(uϵ(x)− uϵ(y))
2

|x − y |2
dxdy ≤ C

| log ϵ|
+ o

(
1

| log ϵ|

)
.

For our notation o(δ) is a term such that o(δ)
δ → 0.
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Theorem

For p > 1, we have∫
Ω

|u(x)|p

δ∂Ω(x)
ln−p(δ∂Ω/R) ≤ C

∫
Ω

∫
Ω

|u(x)− u(y)|p

|x − y |d+1
+|u|p,Ω, ∀ u ∈ C∞

c (Ω)

- cannot put p = 1 above. what happens for the critical case p = 1 ??
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Theorem

Let β > 1 m ≥ 2∫
Ω

|u(x)|
δs∂Ω(x)

L1

(
δ∂Ω(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
Lβ
m

(
δΩ(x)

R

)

≤ C2m(1− s)

∫
Ω

∫
Ω

|u(x)− u(y)|
|x − y |d+s

+ |u|1Ω, ∀ u ∈ W s,1(Ω).
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Local Boundary Hardy for p = 1

Letting s → 1− in the above inequality and using Brezis, Bourgain,
Mironescu, Davilla,

lim
s→1−

(1− s)

∫
Ω

∫
Ω

|u(x)− u(y)|
|x − y |d+s

dx = C [u]BV (Ω).

Theorem

β > 1∫
Ω

|u(x)|
δ∂Ω(x)

L1

(
δ∂Ω(x)

R

)
...Lm−1

(
δΩ(x)

R

)
Lβ
m

(
δΩ(x)

R

)
≤ C [u]BV (Ω).
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THANKS A LOT.
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