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Topological recursion: an overview
Chekhov-Eynard-Orantin '06
Eynard-Orantin '07

Goal: to compute a system of quantities (correlators)

{f (g)k1,...,kn
}, g ≥ 0, (k1, . . . , kn) ⊢ d =

∑
ki

Potential (free energy) F ; partition function (tau function) Z = eF :

F (p1, p2, . . . ; ℏ) =
∑

g≥0, n≥1

ℏ2g−2+n

n!

∑
k1,...,kn≥1

f
(g)
k1,...,kn

pk1 . . . pkn

n-point function:

H(g)
n (w1, . . . ,wn) =

∑
k1,...,kn

f
(g)
k1,...,kn

wk1
1 . . .wkn

n , n = 1, 2, . . . .

Topological recursion computes H
(g)
n in a closed form inductively in g and n
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{f (g)k1,...,kn
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Examples:

Hurwitz numbers (simple, double, monotone, weighted etc.);
enumeration of maps (hypermaps, fully simple, weighted etc.);
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correlators of CohFT's (GW invariants);
WP volumes, MV volumes, etc.
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Topological recursion: an overview
Basic properties:

there is a change w = w(z), wi = w(zi ) such that H
(g)
n becomes rational in z-coordinates

⇐⇒ H
(g)
n extends as a global symmetric meromorphic function on Σn, where Σ = CP1:

Spectral curve: Σ = CP1 global coordinate zro
local coordinate w

possible poles of H
(g)
n are at zi = qj for a �nite distinguished set P = {q1, . . . , qN}

the recursion studies the behaviour of H
(g)
n near the poles

the actual recursion relation involves the n-di�erentials

ω(g)
n = d1 . . . dnH

(g)
n
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Example

Hurwitz numbers: d =
∑n

i=1 ki , m = 2g − 2 + n + d ,

f
(g)
k1,...,kn

=
|Aut(k1, . . . , kn)|

m!d!
#
{
(τ1, . . . , τm)

∣∣∣ 1) τi∈S(d) a transposition

2) τ1◦···◦τm has cyclic type (k1,...,kn)
3) connectness condition

}

ω(g)
n =

∑
k1,...,kn

f
(g)
k1,...,kn

n∏
i=1

kiw
ki−1
i dwi + δg ,0δn,2

dw1dw2

(w1−w2)2

w(z) = z e−z

= z − z2 +
z3

2
− . . .

⇒
ω
(0)
3 = dz1dz2dz3

(1−z1)2(1−z2)2(1−z3)2
, P = {z = 1},

ω
(1)
1 = (4−z1) z1

24 (1−z1)4
dz1,

y(x) = z , x(z) = log(w(z)) = log z − z ,

ω
(0)
1 = y1 dx1 = (1− z21 ) dz1, ω

(0)
2 = dz1dz2

(z1−z2)2
.
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Topological recursion: initial data

Initial data: (Σ, dx , dy ,B,P) CEO TR
⇝ {ω(g)

n }g≥0,n≥1

Σ = CP1 (generalization: a smooth algebraic complex curve);

B(z1, z2) =
dz1dz2

(z1−z2)2
(generalization: a bidi�erential on Σ2 with similar singularity on the

diagonal)

dx , dy meromorphic di�erentials on Σ

P = {q1, . . . , qN} a set of simple zeroes of dx such that dy |qj ̸= 0

Initial di�erentials:

ω
(0)
1 (z1) = y(z1) dx(z1), ω

(0)
2 (z1, z2) = B(z1, z2)

The higher ω-di�erentials are computed by a recursive procedure inductively in g and n
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Topological recursion: two step induction

2g − 2+ n > 0: K = {2, . . . , n}, zK = (z2, . . . , zn),

First Step: z ≈ qj ∈ P, x(z) = x(σ(z))

ω̃(g)
n (z , zK ) =

ω
(g−1)
n+1 (z,σ(z),zK )+

∑
g1+g2=g , J1⊔J2=K
(gi ,|Ji |+1)̸=(0,1)

ω
(g1)

|J1|+1
(z,zJ1 )ω

(g2)

|J2|+1
(σ(z),zJ2 )

(y(z)−y(σ(z))) dx(z) .

Second Step:

ω(g)
n (z , zK ) = ω̃(g)

n (z , zK ) + (holomorphic in z), z → qj , j = 1, . . . ,N.

Equivalently,

ω(g)
n (z1, zK ) =

N∑
j=1

res
z=qj

ω̃(g)
n (z , zK )

z∫
B(·, z1).
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Degenerate spectral curve data

Q: how to de�ne TR if the nondegeneracy condition for dx , dy fails? E.g.

{
x = z r ,

y = z s .

Partial answer: Bouchard-Eynard (BE) recursion: applicable if r = ±1 mod (r + s)

More general answer: Generalized TR of [ABDKS '24]: applicable for all (r , s)

Requirement: compatibility with limits under degenerations of the spectral curve data
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Two examples

Example (1)

x = z2, y = z2

yϵ = z2, xϵ = z2 + ϵ z

Example (2)

x = z5, y = z−3

xϵ(z) = z5 + ϵ z ,

(a) yϵ =
1
z3

(b) yϵ =
1

z3+ϵ

(c) yϵ =
z2

xϵ
= z

z4+ϵ

How CEO TR di�erentials of these families behave as ϵ→ 0?
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Two examples

Answer:

(1), k ≤ 3; (2b): NO LIMIT!

(1), k ≥ 4; (2a):

the limit does exist and is govern by GenTR
the TR di�erentials of these families are given by an explicit closed formula (below)

(2c):

the limit does exist but it is di�erent from that one of the case (2a)
is govern by BE recursion
a closed formula for the TR di�erentials of this family is also available
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Closed expression for GetTR di�erentials

(1) : x = z2+
ϵ

zk−2
, y = z2, k ≥ 4

(2a) : x = z5+ϵz , y = z−3

Input data: two functions x(z), y(z) such that dx and dy are meromorphic

(∗)

ẑ(z , v) = e
vℏ
2 ∂y z , ẑ±i = ẑ(zi ,±vi ), S(u) = eu/2−e−u/2

u ,

W∨
n (z1, v1, . . . , zn, vn) =

∑
g≥0

ℏ2g−2+nW∨,(g)
n

=
n∏

i=1

(
evi (S(viℏ∂yi

)−1)xi

√
dẑ+i
dzi

dẑ−i
dzi

dzi
dxi

)
(−1)n−1

∑
σ∈cycl(n)

n∏
i=1

1

ẑ+i − ẑ−σ(i)

(−1)nω(g)
n∏n

i=1 dxi
=

∑
k1,...,kn≥0

(−∂x1)k1 . . . (−∂xn)kn [v
k1
1 . . . vkn

n ]W∨,(g)
n
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(1) : x = z2+
ϵ

zk−2
, y = z2, k ≥ 4

(2a) : x = z5+ϵz , y = z−3

Input data: two functions x(z), y(z) such that dx and dy are meromorphic

(∗)

ẑ(z , v) = e
vℏ
2 ∂y z , ẑ±i = ẑ(zi ,±vi ), S(u) = eu/2−e−u/2
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∑
g≥0

ℏ2g−2+nW∨,(g)
n

=
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i=1

(
evi (S(viℏ∂yi

)−1)xi

√
dẑ+i
dzi

dẑ−i
dzi

dzi
dxi

)
(−1)n−1

∑
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n∏
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1
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(−1)nω(g)
n∏n

i=1 dxi
=

∑
k1,...,kn≥0

(−∂x1)k1 . . . (−∂xn)kn [v
k1
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Generalized TR: overview

CEO TR: an explicit formula for ω̃
(g)
n (z , z2, . . . , zn)

Then, ω(g)
n (z1, z2, . . . , zn) =

∑
qj∈P

res
z=qj

ω̃(g)
n (z , z2, . . . , zn)

z∫
B(·, z1).

GenTR: a new expression for ω̃
(g)
n (z , z2, . . . , zn)

The two expressions for ω̃
(g)
n di�er by a holomorphic summand in a nondegenerate case

Example: (g , n) = (0, 3)

CEO TR: ω̃
(0)
3 (z , z2, z3) =

B(z , z2)B(σ(z), z3) + B(z , z3)B(σ(z), z2)

(y(z)− y(σ(z))) dx(z)

GenTR: ω̃
(0)
3 (z , z2, z3) = dz

B(z , z2)B(z , z3)

dx(z) dy(z)
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Generalized TR: overview

o ∈ Σ, z local coordinate
x = a z r + h.o.t,
y = b z s + h.o.t,

a b ̸= 0, r , s ∈ Z

De�nition

The point o ∈ Σ is called
special, if r + s > 0 and (r , s) ̸= (1, 1),
non-special if r + s ≤ 0 or (r , s) = (1, 1).

{
special

points

}
=

{
key-special

points P

}⊔{
key∨-special

points P∨

}

Initial data of GenTR: (Σ, dx , dy ,B,P);
Σ, B the same as for CEO TR

dx , dy arbitrary meromorphic di�erentials (with no restriction on zeroes and poles)

P is an arbitrary subset in the set of special points
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Generalized TR: overview

o ∈ Σ, z local coordinate
dx = a z r−1dz + h.o.t,
dy = b z s−1dz + h.o.t,

a b ̸= 0, r , s ∈ Z
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The point o ∈ Σ is called
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Generalized TR: basic properties

ω
(0)
1 = y dx , ω

(0)
2 = B

2g − 2 + n > 0: ω
(g)
n is global meromorphic, symmetris, and has poles at zi = qj , qj ∈ P.

Two-step recursion for ω
(g)
n :

ω̃
(g)
n (z , z2, . . . , zn) is given by an explicit formula (below)

It is global meromorphic in z
its poles in z are at special points and also at z2, . . . , zn
ω

(g)
n selects those poles of ω̃

(g)
n which are key-special

Theorem (Compatibility with known versions of TR)

(r , s) = (2, 1) ⇔ CEO

(r , s) = (2,−1) ⇔ Chekhov-Norbury irregular recursion

r > 0, s = ±1 ⇔ BE recursion

(r , s) = (1, 0) ⇔ LogTR of [ABDKS23]

Remark. GenTR is not compatible with BE TR if s ̸= ±1
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Generalized TR: compatibility with limits

Theorem (Compatibility with limits)

GenTR is compatible with limits of the spectral curve data as long as key-special points and
key∨-special points do not collapse together

See e.g. Example (1), k ≥ 4, Exampe (2a)

Example

x = z2, y =
1

z + s
, P = {0}

This TR is compatible with the limit as s → 0

s ̸= 0: CEO TR ⇝ KW potential (with properly rescaled times)

s = 0: CN irregular TR ⇝ BGW potential
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Generalized TR: compatibility with limits

Theorem (Compatibility with limits)

GenTR is compatible with limits of the spectral curve data as long as key-special points and
key∨-special points do not collapse together

Proof

z1
z2

zn
P∨ P

U
∂U

ω(g)
n (z1, zK ) =

1

2π

∫
z∈∂U

(
ω̃(g)
n (z , zK )

∫ z

B(·, z1)
)
, z1, . . . , zn ∈ Σ \ U.
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Generalized TR: xy swap duality

xy duality transformation: an explicit closed formula {ω(g)
n } ←→ {ω∨,(g)

n }

Theorem (Compatibility with xy swap)

(Σ, dx , dy ,B,P)

GenTR
��

(Σ, dy , dx ,B,P∨)

GenTR
��

{ω(g)
n } oo

xy swap // {ω∨,(g)
n }

Remark.
GenTR relation

for ω
(g)
n

⇔ ω
∨,(g)
n is

regular at P
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Generalized TR: xy swap duality

Corollary

Σ = CP1, P∨ = ∅ (all special points are key-special). Then,

ω
∨,(g)
n = 0 for 2g − 2 + n > 0 and an explicit formula (∗) for ω(g)

n holds.

(∗)

ẑ(z , v) = e
vℏ
2 ∂y z , ẑ±i = ẑ(zi ,±vi ), S(u) = eu/2−e−u/2

u ,

W∨
n (z1, v1, . . . , zn, vn) =

∑
g≥0

ℏ2g−2+nW∨,(g)
n

=
n∏

i=1

(
evi (S(viℏ∂yi

)−1)xi

√
dẑ+i
dzi

dẑ−i
dzi

dzi
dxi

)
(−1)n−1

∑
σ∈cycl(n)

n∏
i=1

1

ẑ+i − ẑ−σ(i)

(−1)nω(g)
n∏n

i=1 dxi
=

∑
k1,...,kn≥0

(−∂x1)k1 . . . (−∂xn)kn [v
k1
1 . . . vkn

n ]W∨,(g)
n
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Generalized TR: KP integrability

Theorem (KP integrability)

If Σ = CP1, then GenTR di�erentials are KP integrable

(see the talk of Sasha Alexandrov for details)

Corollary

GenTR potential for

{
dx = z r−1dz

dy = z s−1dz
is a solution of KP hierarchy for any (r , s), r + s > 0
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Example: (r , s) = (1, 2)

Example{
x = z ,

y = z2.
Special points = {0}

P P∨ GenTR GenTR∨

∅ {0} trivial KW
{0} ∅ new! trivial

Expansion point: z =∞, expansion local coordinate: 1/z

F = − 1
48p2ℏ+ ( 1

96p
4
1 − 1

96p
2
2)ℏ2 + ( 1

48p2p
4
1 +

1
24p4p

2
1 − 1

144p
3
2 − 9

1280p6)ℏ
3

+ ( 9
640p3p

5
1 +

1
32p

2
2p

4
1 +

125
1152p5p

3
1 +

9
256p

2
3p

2
1 +

1
8p2p4p

2
1

+ 343
2880p7p1 +

29
2880p

2
4 − 1

192p
4
2 − 27

1280p2p6)ℏ
4 + O(ℏ5)

This potential is a solution of KP hierarchy
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Example: (r , s) = (1, 2)

Example{
x = z ,

y = z2.
Special points = {0}

P P∨ GenTR GenTR∨

∅ {0} trivial KW
{0} ∅ new! trivial

Expansion point: z =∞, expansion local coordinate: 1/z

F = − 1
48p2ℏ+ ( 1

96p
4
1 − 1

96p
2
2)ℏ2 + ( 1

48p2p
4
1 +

1
24p4p

2
1 − 1

144p
3
2 − 9

1280p6)ℏ
3

+ ( 9
640p3p

5
1 +

1
32p

2
2p

4
1 +

125
1152p5p

3
1 +

9
256p

2
3p

2
1 +

1
8p2p4p

2
1

+ 343
2880p7p1 +

29
2880p

2
4 − 1

192p
4
2 − 27

1280p2p6)ℏ
4 + O(ℏ5)

CEO TR deformation:

{
x = z+ ϵ

z2 ,

y = z2
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To be explained

Still missing:

GenTR recursion formula for ω̃
(g)
n (L2)

compatibility with CEO and other versions of TR (L3)

xy swap formula (L2)

symplectic duality as a generalization of xy duality (L3)

closed formulas for BE TR di�erentials as a special case of symplectic duality (L3)

de�nition of KP integrability (the talk of A. Alexandrov)
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xy swap transformation at a nice point

{ω(g)
n }

ω
(0)
1 (z)=y dx

←→ {ω∨,(g)n }
ω
∨,(0)
1 (z)=x dy

De�nition

A point o ∈ Σ is called nice if x = log z + O(z), y = log z + O(z)

dx =
dz

z
+ (holomorphic), dy =

dz

z
+ (holomorphic)

Then, X = ex and Y = ey can serve as local coordinates

dx =
dX

X
, dy =

dY

Y
, ∂x = X∂X , ∂y = Y ∂Y .
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xy swap transformation at a nice point

{ω(g)
n } oo

(o,X ) // F oo // eF
e−ℏQ
// e−ℏQeF=eF

∨ oo // F∨ {(−1)nω∨,(g)
n }//(o,Y )oo

Q =
1

2

∑
i,j

(
(i + j)pipj

∂
∂pi+j

+ i j pi+j
∂2

∂pi∂pj

)
ωn =

∑
g≥0

ℏ2g−2+nω(g)
n ω∨

n =
∑
g≥0

ℏ2g−2+nω(g)
n

ωn − δn,2
dX1dX2

(X1−X2)2
− δn,1ℏ−1x1dx1 =

∑
k1,...,kn≥1

∂nF

∂pk1 . . . ∂pkn

∣∣∣
p=0

∏n
i=1 d(X

ki
i )

(−1)nω∨
n − δn,2

dY1dY2

(Y1−Y2)2
+ δn,1ℏ−1y1dy1 =

∑
k1,...,kn≥1

∂nF∨

∂pk1 . . . ∂pkn

∣∣∣
p=0

∏n
i=1 d(Y

ki
i )

Theorem

The composition {ω(g)
n } 7−→ {ω∨,(g)

n } is given by a closed �nite expression that extends to a
transformation of global meromorphic di�erentials and does not involve any information on a
chosen expansion point o (and neither requires a very existence of a nice point).

The obtained transformation is called the xy swap duality

Remark. The potentials F and F∨ do depend on the expansion point an a choice of local
coordinates. The treatment of xy duality as the action of e−uQ on the corresponding tau
function is valid for a nice point only
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Remark. The potentials F and F∨ do depend on the expansion point an a choice of local
coordinates. The treatment of xy duality as the action of e−uQ on the corresponding tau
function is valid for a nice point only
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xy swap: the formula

Wn(z1, u1, . . . , zn, un) =
( n∏
i=1

uiℏS(uiℏ∂xi )
) ωn∏n

i=1 dxi
, S(u) = eu/2−e−u/2

u

Wn(z1, u1, . . . , zn, un) =
n∏

i=1

dxi
uiℏ

∑
γ∈Γn

1

|Aut(γ)|
∏

e∈E(γ)

W|e|(ze1 , ue1 , . . . , ze|e| , ue|e|)

(−1)nω∨,(g)
n∏n

i=1 dyi
=

∑
k1,...,kn≥0

(−∂y1)k1 . . . (−∂yn)kn [u
k1
1 . . . uknn ]

( n∏
i=1

e−uiyi

dyi

)
W(g)

n

Γn is the set of hypergraphs (graphs with hyperedges) with n marked vertices
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xy swap: the formula

Wn(z1, u1, . . . , zn, un) =
( n∏
i=1

uiℏS(uiℏ∂xi )
) ωn∏n

i=1 dxi
, S(u) = eu/2−e−u/2

u

Wn(z1, u1, . . . , zn, un) =
n∏

i=1

dxi
uiℏ

∑
γ∈Γn

1

|Aut(γ)|
∏

e∈E(γ)

W|e|(ze1 , ue1 , . . . , ze|e| , ue|e|)

(−1)nω∨,(g)
n∏n

i=1 dyi
=

∑
k1,...,kn≥0

(−∂y1)k1 . . . (−∂yn)kn [u
k1
1 . . . uknn ]

( n∏
i=1

e−uiyi

dyi

)
W(g)

n

Corrections and details. 1. The dependence of(∏n
i=1

e−ui yi

dyi

)
W(g)

n = [ℏ2g−2+n]
(∏n

i=1
e−ui yi

dyi

)
Wn in u-variables is polynomial.

2. If |e| = 2 and e(1) = e(2), use the regularized di�erential ω2(z̃1, z̃2)− dx̃1dx̃2
(x̃1−x̃2)2

instead in the

de�nition of the edge contribution W|e|.
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xy swap: basic properties

1 ω
∨,(0)
1 = x dy , ω

∨,(0)
2 = ω

(0)
2

2 2g − 2 + n > 0: ω
∨,(g)
n is globally de�ned and meromorphic

3 Moreover, it is regular on diagonals

4 The inverse transformation is given by the same formulas with x and y swapped

Remark. We aware of no direct combinatorial proof of the last two properties. The arguments
we are using involve computation in the space of power expansions at a (nice) point

Example

ω
(0)
3 + ω

∨,(0)
3 = d1

B(z1,z2)B(z1,z3)
dx1dy1

+ d2
B(z2,z3)B(z2,z1)

dx2dy2
+ d3

B(z3,z1)B(z3,z2)
dx3dy3
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Example: intersection numbers with r -spin Chiodo classes

{
x = log z − z r

y = z s
, dx = (1− r z)

dz

z

n-point functions of the dual (generalized) TR for r = 3, s = 2:

H
∨,(0)
3 = 0, H

∨,(1)
1 = − 1

48
z−2
1 , H

∨,(1)
2 = − 1

48
(z−1

1 z−3
2 + z−3

1 z−1
2 )

n-point functions of the original (CEO) TR, by xy duality:

H
(0)
3 = 3

2

(z1 + z2 + z3)(3z1z2z3 + 1) + 3(z21 z
2
2 + z23 z

2
2 + z21 z

2
3 )

(1− 3z31 )(1− 3z32 )(1− 3z33 )

H
(1)
1 = 1

16 (3 ∂x1 − 1)
z1

1− 3z31

H
(1)
2 = 3

32

∑
k1,k2,k3

(−∂y1)k1(−∂y2)k2(−∂y3)k3 [u
k1
1 uk22 uk33 ]

(u1 + u2)z1z2 + 3(u21 + u2u1 + u22)(z
2
1 + z2z1 + z22 )− 2(z21 + z22 )

(1− 3z31 )(1− 3z32 )
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Example: intersection numbers with r -spin Chiodo classes

{
x = log z − z r

y = z s
, dx = (1− r z)

dz

z
,

{
x∨ = z s

y∨ = log z + O(z)

n-point functions of the dual (generalized) TR for r = 3, s = 2:

H
∨,(0)
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1 = − 1
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Derivation of xy swap formula, Step 1: inclusion/exclusion

{ω(g)
n } oo

(o,X ) // F oo // eF
e−ℏQ
// e−ℏQeF=eF

∨ oo // F∨ {(−1)nω∨,(g)
n }//(o,Y )oo

Notation:
〈
F
〉
= F

∣∣
p=0

, `taking the free term of a series',

J+(X ) =
∞∑
k=1

kX k∂pk

Then,
ωn∏n
i=1 dxi

− δn,2
X1X2

(X1−X2)2
=

∑
k1,...,kn

∂nF
∂pk1 ...∂pkn

∣∣∣
p=0

∏n
i=1 kiX

ki
i

=
〈
J+(X1) . . . J

+(Xn)F
〉

where the `connected' correlators are de�ned through inclusion/exclusion〈
J+(X )eF

〉
=

〈
J+(X )eF

〉◦〈
J+(X1)J

+(X2)e
F
〉
=

〈
J+(X1)J

+(X2)e
F
〉◦

+
〈
J+(X1)e

F
〉◦〈

J+(X2)e
F
〉◦

. . .〈
J+(X1) . . . J

+(Xn)e
F
〉
=

∑
⊔Iα={1,...,n}

∏
α

〈∏
i∈Iα

J+(Xi )e
F
〉◦
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+(X2)e
F
〉
=

〈
J+(X1)J
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〈
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F
〉◦〈
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F
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. . .〈
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〉
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∏
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J+(X1)J
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F
〉
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〈
J+(X1)J
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F
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+
〈
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F
〉◦〈

J+(X2)e
F
〉◦

. . .〈
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〉
=
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⊔Iα={1,...,n}
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〈∏
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Derivation of xy swap formula, Step 1: inclusion/exclusion

{ω(g)
n } oo

(o,X ) // F oo // eF
e−ℏQ
// e−ℏQeF=eF

∨ oo // F∨ {(−1)nω∨,(g)
n }//(o,Y )oo

Notation:
〈
F
〉
= F

∣∣
p=0

, `taking the free term of a series',

J+(X ) =
∞∑
k=1

kX k∂pk

Then,
ωn∏n
i=1 dxi

− δn,2
X1X2

(X1−X2)2
=

〈
J+(X1) . . . J

+(Xn)e
F
〉◦

Moreover, de�ne

J(X ) =
∞∑

k=−∞

X kJk , Jk =

k ∂pk , k > 0,
0, k = 0,
p−k , k < 0

Then,
ωn∏n
i=1 dxi

=
〈
J(X1) . . . J(Xn)e

F
〉◦

(with the singular (0, 2) correction taken into account automatically)
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Derivation of xy swap formula, Step 1: inclusion/exclusion

{ω(g)
n } oo

(o,X ) // F oo // eF
e−ℏQ
// e−ℏQeF=eF

∨ oo // F∨ {(−1)nω∨,(g)
n }//(o,Y )oo

Q =
1

2

∑
i,j

(
(i + j)pipj

∂
∂pi+j

+ i j pi+j
∂2

∂pi∂pj

)
Similarly,

(−1)nω∨
n∏n

i=1 dyi
=

〈
J(Y1) . . . J(Yn) e

F∨〉◦

Maxim Kazarian Topological Recursion Revised



Derivation of xy swap formula, Step 1: inclusion/exclusion

{ω(g)
n } oo

(o,X ) // F oo // eF
e−ℏQ
// e−ℏQeF=eF

∨ oo // F∨ {(−1)nω∨,(g)
n }//(o,Y )oo

Q =
1

2

∑
i,j

(
(i + j)pipj

∂
∂pi+j

+ i j pi+j
∂2

∂pi∂pj

)
Similarly,

(−1)nω∨
n∏n

i=1 dyi
=

〈
J(Y1) . . . J(Yn) e

F∨〉◦
=

〈
J(Y1) . . . J(Yn) e

−ℏQeF
〉◦

=
〈
J(Y1) . . . J(Yn) e

F
〉◦
, J(Y ) = eℏQJ(Y )e−ℏQ

The next step: to compute the operator J(Y ) = eℏQJ(Y )e−ℏQ acting on C[[p1, p2, . . . ]]
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Derivation of xy swap formula, Step 2: computation of eℏQJ(Y )e−ℏQ

Main tool: bosonic representation of ĝl(∞) on C[[p1, p2, . . . ]]

∑
i,j∈Z

z j1z
−i−1
2 Ei,j =

e
∑

i<0

zi1−zi2
i Ji e

∑
i>0

zi1−zi2
i Ji − 1

z1 − z2

z1 = Xeu/2, z2 = Xe−u/2, ∂x = X∂X :

E(X , u) =
∑

k,m∈Z
Xmeu(k+

1−m
2 )Ek−m,m + 1

uS(u) =
e
∑

i<0 uS(ui)X iJi e
∑

i>0 uS(ui)X iJi

uS(u)

=
euS(u∂x )

∑
i<0 X

iJi euS(u∂x )
∑

i>0 X
iJi

uS(u)
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Derivation of xy swap formula, Step 2: computation of eℏQJ(Y )e−ℏQ

Main tool: bosonic representation of ĝl(∞) on C[[p1, p2, . . . ]]

E(X , u) =
∑

k,m∈Z
Xmeu(k+

1−m
2 )Ek−m,m + 1

uS(u) =
euS(u∂x )

∑
i<0 X

iJi euS(u∂x )
∑

i>0 X
iJi

uS(u)

All operators involved belong to ĝl(∞):

Jm = [Xmu0]E(X , u) =
∑
k∈Z

Ek−m,k , J(X ) = [u0]E(X , u),

Q = [X 0u2]E(X , u) =
1

2

∑
k∈Z

(
k + 1

2

)2
Ek,k

J(Y ) = eℏQJ(Y )e−ℏQ =
∑

k,m∈Z

e−
ℏ
2 (k+

1
2 )

2

e−
ℏ
2 (k−m+ 1

2 )
2 Y

mEk−m,k
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Derivation of xy swap formula, Step 2: computation of eℏQJ(Y )e−ℏQ

Lemma

J(Y ) = eℏQJ(Y )e−ℏQ =
∞∑
j=0

(−∂y )j [uj ]e−u(y−x) dx

dy
E(X , uℏ)

Or, taking the coe�cient of Ek−m,k ,

e−
ℏ
2 (k+

1
2 )

2

e−
ℏ
2 (k−m+ 1

2 )
2 Y

m =
∞∑
j=0

(−Y ∂Y )
j [uj ]

(
X
Y

)u
euℏ(k+

1−m
2 ) dX

X

Y

dY
Xm

Substituting, we obtain

(−1)nω∨
n∏n

i=1 dyi
=

〈 n∏
i=1

J(Yi ) e
F
〉◦

=
∑

k1,...,kn≥0

(−∂y1)k1 . . . (−∂yn)kn [u
k1
1 . . . uknn ]

( n∏
i=1

e−uiyi

dyi

)
Wn

where Wn =
(∏n

i=1 e
uixidxi

) 〈∏n
i=1 E(Xi , uiℏ) eF

〉◦
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Derivation of xy swap formula, Step 3: computation of Wn

Wn =
( n∏
i=1

euixidxi
) 〈
E(Xn, unℏ) . . . E(Xn, unℏ) eF

〉◦
Insert E(X , uℏ) = euℏS(uℏ∂x )

∑
i<0 Xi Ji euℏS(uℏ∂x )

∑
i>0 Xi Ji

uℏS(uℏ) ,

expand the exponents,

apply inclusion/exclusion.

The result is an expression for Wn in terms of ωn′ via summation over hypergraphs

Wn(z1, u1, . . . , zn, un) =
( n∏
i=1

uiℏS(uiℏ∂xi )
) ωn∏n

i=1 dxi
,

Wn(z1, u1, . . . , zn, un) =
( n∏
i=1

dxi
uiℏ

) ∑
γ∈Γn

1

|Aut(γ)|
∏

e∈E(γ)

W|e|(ze1 , ue1 , . . . , ze|e| , ue|e|)
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xy swap formula: summary of computations

ωn ∼
〈∏

J(Xi ) e
F
〉◦ xy swap //

summation
over graphs **

ω∨
n ∼

〈∏
J(Yi ) e

F∨〉◦
=

〈∏
J(Yi ) e

F
〉◦

Wn ∼
〈∏
E(Xi , uiℏ) eF

〉◦ n∏
i=1

∑
k≥0

∂k
yi
[uk

i ]

33

J(X ) =
∞∑

k=−∞
JkX

k , J(Y ) = eℏQJ(Y )e−ℏQ ,

E(X , u) = e
uS(u∂x )

∑
i<0

Xi Ji
e
uS(u∂x )

∑
i>0

Xi Ji

uS(u) , ∂x = X∂X , ∂y = Y ∂Y
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xy swap: the formula (reminding)

Wn(z1, u1, . . . , zn, un) =
( n∏
i=1

uiℏS(uiℏ∂xi )
) ωn∏n

i=1 dxi
, S(u) = eu/2−e−u/2

u

Wn(z1, u1, . . . , zn, un) =
( n∏
i=1

dxi
uiℏ

) ∑
γ∈Γn

1

|Aut(γ)|
∏

e∈E(γ)

W|e|(ze1 , ue1 , . . . , ze|e| , ue|e|)

(If |e| = 2 and e(1) = e(2), use the regularized di�erential ω2(z̃1, z̃2)− dx̃1dx̃2
(x̃1−x̃2)2

instead in the

de�nition of the edge contribution W|e|)

(−1)nω∨,(g)
n∏n

i=1 dyi
=

∑
k1,...,kn≥0

(−∂y1)k1 . . . (−∂yn)kn [u
k1
1 . . . uknn ]

( n∏
i=1

e−uiyi

dyi

)
W(g)

n
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More properties of xy swap

The xy swap transformation produces no singularities apart from the special points: if ω
(g)
n

is regular at some non-special point for all (g , n) with 2g − 2+ n > 0, then the same holds

for ω
∨,(g)
n

This property motivates the de�nition of GenTR: it is de�ned by the requirement that all
xy dual di�erentials are holomorphic at the key-special points. Then the compatibility
GenTR with xy swap becomes a reformulation of the de�nition:

(Σ, dx , dy ,B,P)

GenTR
��

(Σ, dy , dx ,B,P∨)

GenTR
��

{ω(g)
n } oo

xy swap // {ω∨,(g)
n }

More concretely, this idea is realized below
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To be explained

Still missing:

the de�nition of GenTR relation

compatibility with CEO and other versions of TR

symplectic duality as a generalization of xy duality

closed formulas for BE TR di�erentials as a special case of symplectic duality
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xy swap transformation

Nice point: x = log z + O(z), y = log z + O(z)

The action on the partition functions associated with the local coordinates X = ex , Y = ey :

by the operator e−ℏQ , Q =
1

2

∑
i,j

(
(i + j)pipj

∂
∂pi+j

+ i j pi+j
∂2

∂pi∂pj

)

{ω(g)
n } oo

(o,X ) // F oo // eF
e−ℏQ
// e−ℏQeF=eF

∨ oo // F∨ {(−1)nω∨,(g)
n }//(o,Y )oo
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xy swap transformation

Nice point: x = log z + O(z), y = log z + O(z)

The action on the power expansions of the di�erentials at a nice point:

ωn ∼
〈∏

J(Xi ) e
F
〉◦ xy swap //

summation
over graphs **

ω∨
n ∼

〈∏
J(Yi ) e

F∨〉◦
=

〈∏
J(Yi ) e

F
〉◦

Wn ∼
〈∏
E(Xi , uiℏ) eF

〉◦ n∏
i=1

∑
k≥0

∂k
yi
[uk

i ]

33

J(X ) =
∞∑

k=−∞
JkX

k , J(Y ) = eℏQJ(Y )e−ℏQ ,

E(X , u) = e
uS(u∂x )

∑
i<0

Xi Ji
e
uS(u∂x )

∑
i>0

Xi Ji

uS(u) , ∂x = X∂X , ∂y = Y ∂Y
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xy swap transformation

The action on global meromorphic di�erentials:

Wn(z1, u1, . . . , zn, un) =
( n∏
i=1

uiℏS(uiℏ∂xi )
) ωn∏n

i=1 dxi
, S(u) = eu/2−e−u/2

u

Wn(z1, u1, . . . , zn, un) =
( n∏
i=1

dxi
uiℏ

) ∑
γ∈Γn

1

|Aut(γ)|
∏

e∈E(γ)

W|e|(ze1 , ue1 , . . . , ze|e| , ue|e|)

(with a regularization of certain singular (0, 2) contributions)

(−1)nω∨,(g)
n∏n

i=1 dyi
=

∑
k1,...,kn≥0

(−∂y1)k1 . . . (−∂yn)kn [u
k1
1 . . . uknn ]

( n∏
i=1

e−uiyi

dyi

)
W(g)

n
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Example: intersection numbers with r -spin Chiodo classes

{
x = log z − z r

y = z s
, dx = (1− r z r )

dz

z

n-point functions of the dual (generalized) TR for r = 3, s = 2:

H
∨,(0)
3 = 0, H

∨,(1)
1 = − 1

48
z−2
1 , H

∨,(1)
2 = − 1

48
(z−1

1 z−3
2 + z−3

1 z−1
2 )

n-point functions of the original (CEO) TR, by xy duality:

H
(0)
3 = 3

2

(z1 + z2 + z3)(3z1z2z3 + 1) + 3(z21 z
2
2 + z23 z

2
2 + z21 z

2
3 )

(1− 3z31 )(1− 3z32 )(1− 3z33 )

H
(1)
1 = 1

16 (3 ∂x1 − 1)
z1

1− 3z31

H
(1)
2 = 3

32

∑
k1,k2,k3

(−∂y1)k1(−∂y2)k2(−∂y3)k3 [u
k1
1 uk22 uk33 ]

(u1 + u2)z1z2 + 3(u21 + u2u1 + u22)(z
2
1 + z2z1 + z22 )− 2(z21 + z22 )

(1− 3z31 )(1− 3z32 )
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Partial xy swap duality and de�nition of GenTR
In the power expansions at a nice point:

ωn ∼
〈n−1∏
i=1

J(Xi ) J(X ) eF
〉◦ //

combinatorial
expression

))

ωn−1,1 ∼
〈n−1∏
i=1

J(Xi ) J(Y ) eF
〉◦

Wn ∼
〈n−1∏
i=1

J(Xi ) E(X , uℏ) eF
〉◦

∑
k≥0

∂k
y [u

k ]

55

ωn, Wn, ω
(g)
n−1,1 extend globally on Σn

ω
(g)
n is holomorp�c in z = zn at q ∈ P for i = 1, . . . , n and all (g , n) i�

ω
∨,(g)
n is holomorphic at q for all (g , n) (in all zi 's)
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De�nition of GenTR

Tn(zJn−1K; z , u) =
∞∑
k=1

1

k!

k∏
i=1

(⌊
z̃i→z

uℏS(uℏ d
dx̃i

) 1
dx̃i

)(
ωn−1+k(zJn−1K, z̃JkK)− δn,1δk,2

dx̃1dx̃2
(x̃1−x̃2)2

)
,

Wn(zJn−1K; z , u) =
dx

uℏ
eT1(z,u)

∑
JnK=⊔αJα, Jα ̸=∅

∏
α

T|Jα|+1(zJα ; z , u)

ω
(g)
n−1,1(zJn−1K, z) = −dy

∑
r≥0

(−∂y )r [ur ]e−u y W(g)
n (zJn−1K;z,u)

dy

= −ω(g)
n (zJn−1K, z)− dy

∑
r≥1

(−∂y )r [ur ]e−u y W(g)
n (zJn−1K;z,u)

dy︸ ︷︷ ︸
involves ω(g ′)n′ 's with 2g ′ − 2 + n′ < 2g − 2 + n

De�nition (Di�erentials ω̃
(g)
n of Generalized Topological Recursion)

ω̃(g)
n = −dy

∑
r≥1

(−∂y )r [ur ]e−u y W(g)
n (zJn−1K;z,u)

dy
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De�nition of GenTR

Tn(zJn−1K; z , u) =
∞∑
k=1

1

k!

k∏
i=1

(⌊
z̃i→z

uℏS(uℏ d
dx̃i

) 1
dx̃i

)(
ωn−1+k(zJn−1K, z̃JkK)− δn,1δk,2

dx̃1dx̃2
(x̃1−x̃2)2

)
,

Wn(zJn−1K; z , u) =
dx

uℏ
eT1(z,u)

∑
JnK=⊔αJα, Jα ̸=∅

∏
α

T|Jα|+1(zJα ; z , u)

ω
(g)
n−1,1(zJn−1K, z) = −dy

∑
r≥0

(−∂y )r [ur ]e−u y W(g)
n (zJn−1K;z,u)

dy

= −ω(g)
n (zJn−1K, z) + ω̃(g)

n (zJn−1K, z)

De�nition (Di�erentials ω̃
(g)
n of Generalized Topological Recursion)

ω̃(g)
n = −dy

∑
r≥1

(−∂y )r [ur ]e−u y W(g)
n (zJn−1K;z,u)

dy
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Compatibility of GenTR with xy duality

ω
(g)
n−1,1(zJn−1K, z) = −ω(g)

n (zJn−1K, z) + ω̃(g)
n (zJn−1K, z)

{ω(g)
n } satisfy GenTR

=⇒ ω
(g)
n−1,1 is holomorphic in z at key-special points

=⇒ ω(g)
n is holomorphic in zi 's at key-special points

By the same reason,

{ω(g)
n } are holomorphic at q ∈ P∨ =⇒ {ω∨,(g)

n } satisfy GenTR∨
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Loop equations

(Σ, dx , dy ,B,P) initial spectral curve data of CEO TR
q ∈ P one of zeroes of dx , K = (2, . . . , n)

The Linear and Quadratic Loop equations are an equivalent reformulation of CEO de�ning

relation for the principal part of the pole of ω
(g)
n at z = q:

The di�erentials

ω(g)
n (z , zK ) + ω(g)

n (σ(z), zK )

1
dx(z)

(
ω
(g−1)
n+1 (z , σ(z), zK ) +

∑
g1+g2=g
J1⊔J2=K

ω
(g1)
|J1|+1(z , zJ1)ω

(g2)
|J2|+1(σ(z), zJ2)

)

are holomorphic at z = q.
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Loop equations

(Σ, dx , dy ,B,P) initial spectral curve data of CEO TR
q ∈ P one of zeroes of dx , K = (2, . . . , n)

The Linear and Quadratic Loop equations are an equivalent reformulation of CEO de�ning

relation for the principal part of the pole of ω
(g)
n at z = q:

Equivalently, the di�erentials

W(g),0
n =ω(g)

n (z , zK )

W(g),1
n = 1

dx(z)

(
ω
(g−1)
n+1 (z , z , zK ) +

∑
g1+g2=g
J1⊔J2=K

ω
(g1)
|J1|+1(z , zJ1)ω

(g2)
|J2|+1(z , zJ2)

)

have a pole at z = q with odd principal part with respect to σ
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Higher loop equations for CEO TR di�erentials

De�ne K = (2, . . . , n),

Tn(z , u; zK ) =
∞∑
k=1

1

k!

k∏
i=1

(⌊
z̃i→z

uℏS(uℏ d
dx̃i

) 1
dx̃i

)(
ωn−1+k(z̃JkK, zK )− δn,1δk,2

dx̃1dx̃2
(x̃1−x̃2)2

)
,

Wn(z , u; zK ) =
dx

uℏ
eT1(z,u)

∑
K=⊔αJα, Jα ̸=∅

∏
α

T|Jα|+1(z , u; zJα)

W(g),k
n = k![uk ]W(g)

n = y(z)kω(g)
n (z , zK ) +

(
terms containing ω

(g′)
n′

with 2g ′ − 2 + n′ < 2g − 2 + n

)
Then, W(g),0

n = [u0]W(g)
n , W(g),1

n = 2[u1]W(g)
n are the same as above

Theorem (Higher Loop Equations for CEO TR di�erentials)

The pole of W(g),k
n at z = q ∈ P has odd principal part for any k ≥ 0.
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Higher loop equations
(Σ, dx , dy ,B,P) GenTR spectral curve data
q ∈ P a key-special point with exponents (r , s) such that r ≥ 2 and s = 1, that is:

x has a critical point at q of multiplicity r − 1
dy is holomorphic and nonzero at q

De�nition

Ξq spanned by di�erentials
(
d 1

dx

)k
α where k ≥ 0 and α is holomorphic at q

Theorem (Loop Equation for GenTR di�erentials)

W(g),k
n ∈ Ξq for any k ≥ 0.

Remark. 1. For r = 2 these loop equations are equivalent to those discussed above

2. W(g),k
n = y(z)kω

(g)
n (z , zK ) +

(
terms containing ω

(g′)
n′

with 2g ′ − 2 + n′ < 2g − 2 + n

)
The �rst r loop equations (with k = 0, 1, . . . , r − 1) ⇝ unique polar part of ω

(g)
n at z = q.

This identi�cation of polar part of ω
(g)
n is equivalent to GenTR relations

Then, the higher loop equations (for k ≥ r) are satis�ed automatically
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Proof of Loop Equations for GenTR

W∨
n−1,1,0∑

∂k
x [v

k ]

vv
ωn,0

comb

((

ωn−1,1

comb

hh

Wn

∑
∂k
y [u

k ]

66

ωn−1,1 ∼
〈n−1∏
i=1

J(Xi ) e
ℏQJ(Y )e−ℏQ eF

〉◦
Wn = Wn−1,1,0 ∼

〈n−1∏
i=1

J(Xi ) E(X , u) eF
〉◦

W∨
n−1,1,0 ∼

〈n−1∏
i=1

J(Xi ) e
ℏQE(Y , v)e−ℏQ eF

〉◦

ωn−1,1 = −dy
∑
k≥0

(−∂y )k [uk ]e−u yWn−1,1,0

dy

= −
∑
k≥0

(
−d 1

dy

)k
[uk ]e−u yWn−1,1,0

ωn = −
∑
k≥0

(
−d 1

dx

)k
[vk ]e−v xW∨

n−1,1,0

Wn =Wn−1,1,0 = −
∑
k≥0

(
−d 1

dx

)k
eu y [vk ]e−v xW∨

n−1,1,0︸ ︷︷ ︸
holomorphic

The identity holds globally, but the only proof available involves computations in the expansion
at a nice point

Example
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