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Let  be a bounded domain of RY with N € {2,3}, and T = 99.
Consider the incompressible flow governed by the equations

O —vATG+ (A-V)d+Vp=1f inQx(0,7),
divi=0 in Qx (0,7), (1.1)

Boundary condition of i onT'; x (0,7)

Control problem:

For given initial state Uy, target state uy, and 7" > 0, can we find

(1) the boundary control of 4 on I'\ 'y, as I'; is a properly
sub-boundary of T', such that the solution of (1.1) with @(-,0) = tg
at the T'—moment reaches or approaches u; approximately, or

(2) the interior control f = I,¢ in (1.1) for a fixed sub-domain w of €,

with Ty =T, such that the solution of (1.1) with d(-,0) = 1 at the
T—moment reaches or approaches u; approximately?



Notions of controllability

- Small time global approximate controllability: For any T' > 0,

any initial and target states 1y, uj, and any small number 6 > 0,
one can find the boundary or interior control for (1.1), such that the
solution of (1.1) with d(-,0) = Uy satisfies ||U(-,T) — U] < J;

- Small time global exact controllability: For any 7" > 0, and any
initial and target states Uy, Uy, one can find the boundary or
interior control for (1.1), such that the solution of (1.1) with
u(-,0) = Uy satisfies 4(-,T) = uy;

- Exact null controllability: In the above exact controllability

definition, when the target state u; = 0 vanishes, then we call it the
exact null controllability;
- Local exact controllability: In the above exact controllability

definition, when the target state u; is only a small perturbation of
the initial data do, then we call it the local exact controllability;

- Exact controllability to a trajectory: In the above exact

controllability definition, when the target state d; is the state at
T—moment of a trajectory to the uncontrolled problem.



Lions’ question (1989)

Problem:
Let e > 0, T > 0, and two states

o, 11 € Ho(Q) = Closure in L*(Q) of {f € C5°(Q),V - f =0}

be arbitrarily fixed, is there an interior control £ € L?(w x (0,7)) and at
least one Leray-Hopf weak solution i to the problem (1.1) for the
Navier-Stokes system with the no-slip boundary condition u|r = 0, which
satisfies the terminal constraint

[4(-, T) — 1]l r2(0) <e.
Main difficulties:

- No smallness assumption on ||ty — 4y [;

- The nonslip boundary condition u|r = 0.



Known results on incompressible Euler flow

Consider the following problem for incompressible Euler equation:

ou+(u-V)u+Vp=0, inQx(0,7),

div(u) =0, in Qx(0,7),

u-n=0, on ('\T,) x (0,7), (1.2)
u(-,0) = uy, in

u(-,7) = ur, in Q.

Controllability in this case has been comprehensively studied, for instance
* (1993) J.-M. Coron, C. R. Acad. Sci. Paris Sér. | Math. (2d case,
simply connected)

* (1996) J.-M. Coron, J. Math. Pures Appl. (2d case,
multi-connected)

* (2000) O. Glass, ESAIM:Cocv. (3d case, multi-connected)

* (2016) E. Fernndez-Cara et al., Math. Control Signals Syst. (with
Boussinesq heat effects, simply connected 2d and 3d)



Known results on Navier-Stokes equations

- J. M. Coron, F. Marbach, F. Sueur: JEMS 2020, Global exact
controllability of NS with Navier condition.

- J. M. Coron, F. Marbach, F. Sueur, P. Zhang: Annals of PDE 2019,
Exact controllability of NS in a rectangle with non-slip BCs on the
top and bottom boundaries with a little help of a force.



Known results on viscous MHD

For the problem of MHD with viscosity and magnetic resistivity, BCs
being nonslip for velocity and Navier for magnetic field, with an internal
control:
- V. Barbu et al., Ad. Diff. Equ. (2005): local exact controllability for
a steady state.
- T. Havarneanu et al., SIAM J. Control Optim. (2007): local exact
controllability for a sufficient regular state.
- M. Badra, JMFM (2014): local exact controllability for a general
state.
Question: Does the controllability hold globally for the viscous MHD or
the ideal MHD, with the control being located on the boundary?



The ideal incompressible MHD system
We consider the following ideal MHD problem:

u+(u-Viu—puH-VH+Vp=0, inQx(0,1),
OH+ (u-VH-— (H-V)u=0, in Qx (0,7),
div(u) = div(H) = 0, in Qx (0,7),
u-n=H -n=0, on (T'\T,) x (0,7),
u(-,0) =ug, H(-,0) = Hy in Q.

(2.1)
where u = (u1,ug)’ is the velocity field, H = (Hy, H2)" magnetic field,
p € R pressure, and © = (0, L) x (0, W), the controlled part of the
boundary T'. = ({0} x (0,W))U ({L} x (0,W)).

Ie Ie

control devices — Q — control devices




The controllability goal

Question: Fix the following:
> Atime T > 0.
» Initial data uy and Hj.
» Final data ur and Hr.

Do there exist boundary controls g(x,t) and h(x, t) such that prescribing
Mi(u). =g and Mz(H)|. = h along T,
implies that the solution (u, H, p) with initial data uy and Hy satisfies
u(-,T) =ur(), H(,T) = Hr () (2.2)

?



The controllability goal

Working directly with specific boundary conditions on I, is too difficult.

Question’: For each fixed choice of T' > 0 and initial data (ug, Hy),
does there exist a solution (u, H, p) to the under-determined problem
(2.1) such that

u(-,T) = ur, H(,T) = HT inQ) ?

If the answer is yes: Inspect uj._, H|. and choose g = M;(u)
h = M, (H)

|Fc’

Ir. -



A transformed problem for the control prob. (2.1)-(2.2)

Let zt :=u+ \/ﬁH and z~ :=u— \/,EH Elsasser variables, the control
problem (2.1)-(2.2) can be transformed into the following one:

Ozt +(z7 - V)zt + Vpt =0, inQx(0,7),

Oz +(z"-V)z— +Vp =0, inQx(0,7),

div(z™) = div(z™) = 0, in Qx(0,7), (23)
zT-n=2z" -n=0, on (I'\T.) x (0,7),

zt(,0) = zg == ug £ /uHo, in Q,

zt(,T) = Z% =up +/uHyp, in .

Obviously, (2.3) is equivalent to (2.1)-(2.2) as long as Vp* = Vp~.



By taking the divergence in the equation for H and also by multiplying
with n along T', one can obtain that ¢ := (2,/) " '(p* — p~) is harmonic
satisfying

Ag=0, in Qx(0,1),
Onqlr, = _Sign(n1><atH1 + (w101 + u202)Hy — (H101 + Hzaz)m)

Onq|r\r, = 0.
(2.4)



Main results (ESAIM:COCV, 2021)

Theorem 1: Let the integer m > 3 and the control time 7" > 0 be fixed.
Denote by

CI (G R?) == {f € C"™*(Q;R?) | div(f) =0in Q,f-n=0o0n T\T.}.

07

Then, for all initial- and final data (2,2, ,2],27) € C,'i" (2;R?), there

exists a solution (z7,z~,p™,p™) to the control problem (2.3) such that

(z*,27) € [CO([0,T]; C* (% R?) N L=(0, T); ™ (B R?))] "

Returning the original system of incompressible ideal MHD (2.1)-(2.2),
we have the following small-time global exact controllability result.



Theorem 2: Let the integer m > 3 and T > 0 be fixed. Then, for all
initial- and final data (ug, Hy, ur,Hy) € C’g}i(ﬁ; R?)*, the problem

ou+ (u-Viu—uH-VH+Vp=0, inQx(0,7),
OH+(u-VH-(H-V)u+V¢g=0, inQx(0,7),
div(u) = div(H) = 0, in Q% (0,7),
un=H-n=0, on (T'\T,) x (0,7),
u(+,0) = ug, H(-,0) = Hy in Q
(25)
with
u(+,T)=ur, H-,T)=Hr in Q, (2.6)

has a solution (u, H, p, ¢), with
(uw,H) € [CO([0, T}; C-*(Q; R?)) N L*=((0, T); C™*(Q; R?)))

and ¢(+,t) being for each t € [0,7] a harmonic function given by (2.4).



A local null controllability result
By choosing T'= 1 and z = 0, and applying the curl operator in (2.3),

one obtains the following control problem

Ot + (z - V)t =g, in Qx (0,1),
O~ +(zt- V)i~ =g, in Q x (0,1),
curl(zt) = j*, div(z*) =0, in  x (0,1),
zt-n=2z" -n=0, on (I'\T) x (0,1),
31 (,0) = curl(zd), 77(-,0) = curl(zy) in Q,
JT,1)=0,77(,1)=0 in Q
2zt (-,0) =zf, 27 (-,0) = z;, in Q,
z7(,1)=0,z"(-,1) =0, in Q,
(2.7)
where

gF = Opzf 012 + D92F 002 — 012F 0125 — 0125 Da2i (2.8)



A local null controllability result

The following local null controllability result is the main step for proving

Theorems 1 and 2.

Proposition 3: Let m > 3 be fixed. There exists a constant § > 0, such
that if the initial data (z7,2, ) € C'1" (; R?)? satisfy the constraint

max{||zg [lm.a.0; 125 [m.a0} <3,

then the problem (2.7) admits a solution (z*,z~,jT,57) of regularity

(zF,27,5%,57) € [CO(0,1]; CH* (@ R2)) N L2([0, 1]; €™ (% R?))]?

x [CO([0, 1);C%(€)) N L ([0, 1]; ™ e (@)] 7,

with z*(x,1) =z~ (x,1) = 0 for all x € Q.



Proof of Theorem 2

(1) Assuming that Proposition 3 is true, we show now how to deduce
Theorems 1 and 2 with the help of a scaling and gluing argument, as for
instance in [Coron 1993, 1995] for the Euler equation.

Note that if (u, H,p, q) solve (2.5), then this is also true for (&, H,p, §)
defined by

a(x,t) = —u(x,T-1t),
H(x,t):= —H(x,T—-1), (2.9)
ﬁ(xa t) = p(Xv T— t)a

d(x,t) = q(x,T—1).

(2) Next, split [0,T] into [0,T/2] N [T/2,1], choose 0 < € < T'/2 small
such that g := eug, Hy := €Hy and iy := eur, Hy := eHp satisfy

max { [0 + ol 80~ /Fo e } < 5
max { |8 + FHr [ o0, |87 = VAL a0} <3

where 5§ > 0 is the small constant given in Proposition 3,



Proof of Theorem 2 (cont.)
By applying Proposition 3 with 7' = 1, we get solutions (u*, H*, p*, ¢*)
and (u**, H** p** ¢**) of (2.5), obeying

(u*, H*)(-,0) = (uo(-), Ho(")),
(u*, H", p*, ¢") (-, 1) = (0,0,0,0),
(u™, H™)(-,0) = —(uzr(-), Hr(-),
(u*, H**, p**, ¢**)(-,1) =(0,0,0,0).

(3) Now, define

{(u“,H“,p“,q“) (x,t) == (e tu*, e TH*, e 2p*, e 2¢%) (x,e7t), Qx[0,¢,

(u*, H* p* ¢*) (x,t) := (0,0,0,0), Q x [e,T/2],
as well as

(ub,Hb) (x,t) == — (e_l o _IH**) (x,e YT —t)), Qx[T—¢T),

(pb,qb) (x,1) := (6_2p**,e_2q**) (x,e? (T —t)), Qx [T —¢T],

(u*,H",p",¢") (x,t) := (0,0,0,0), Qx[T/2,T — €,



Proof of Theorem 2 (cont.)

Then, the functions

0= ey
S
S o
o= (o

. (x,1) € Qx[0,T/2],

(x,t) € Q x [T/2,T),

, (x,1t) € Qx[0,T/2],

(x,t) € Q x [T/2,T),
(x,t) € 2 x[0,T/2],
(x,t) € Q@ x [T/2,T],
(x,t) € Qx[0,T/2],
(x,t) € Qx [T/2,T],

are solutions of the control problem (2.5)-(2.6).



Proof of Proposition 3

Similar to [Coron, 1993] for the Euler equation, we introduce three

extensions of the domain 2 as

s S SN

where
Qo = (=1, L+1) x (=l,W +1),

for a positive constant > 0, and © C Q; C Qs, Qs C Q3, with
0 C {X: ((El,fﬂg), ERQ‘O <zo < W}



Construction of a special flow

» Define

v (x,1) = (W)g(x)), (x,t) € Q3 x [0,1],

with v € C§°(0,1) being non-negative and y(t) > M as t € [, 3],
for a large M > 0, and x € C§°(Q3) a cutoff function satisfying
x(x) =1 for x € Q.

» The functions (¥, H,p,q) defined by

y(x,t) =y*(z,t), (x1)€Qx][0,1],
H(x,t) :=0, (x,t) € Q x[0,1], (2.10)
p(x,t) == —x1 %’y(t), (x,t) € Q2 x [0,1],

with x = (21, x2)’, are solutions of (2.1) with T'=1 and the data
UOZUTZHQ:HTZO.



For (x,s,t) € Q3 x [0,1] x [0, 1], denote by Y(x, s,t) the flow defined by
%y(x7 S, t) = y*(y(xa S, t)7 t)v
Y(x,s,8) =x.

It is easy to have

Lemma 1: The constant M > 0 can be chosen large enough, such that
V(x,0,1) ¢ Q for all x € Q.

Lemma 2: For any given z € C°(€2 x [0, 1];R?), denote by the extension
3:=y* +7m(z—7y), with 7 the continuous extension operator
Co(2) — C°(Q3), supp(n(£)) C Ny, let Z(x, s,t) be defined by

4 Z(x,s,t) =3(Z(x,s,t),1),
Z(x,s,8) = x.

Then, there exists a small v > 0, such that ||z — ¥|co@xo,1)) <V
implies Z(x,0,1) ¢ Q5 for all x € Q.



Proof of Proposition 3: The local controllability result given in
Proposition 3 is proved by using a fixed point argument for problem (2.7)
in a small neighborhood of the special flow (2.10).

Remark:

(1) l.Kukavica, M. Novack, V. Vicol (JDE 2022) continued to study the
same problem for investigating when the extra-force V¢ vanishes in

the magnetic equation of the control problem (2.5)-(2.6).

(2) Recently, M. Rissel (arXiv: 2306.03712) extends this study to a
general simply-connected domain in 2D.



The viscous incompressible MHD system

Next, we consider the following problem in 2 C R2, with viscosity v1 > 0
and resistivity vo > 0:

du—1riAu+ (u-Viu—pu(B-V)B+Vp=0 inQx (0,Te),
0B —-—1AB+ (u-V)B—(B-V)u=0 in Q x (0, Teen),
V-u=V-B=0 in Q x (0, Ten),
w0, (Vxu)x i = [M1ﬁ+L1}§L, on (D\T¢) x (0, Term),
B i=0, (VxB)xi= [M2ﬁ+L2]§L, on (D\ D) x (0, Tapn),
u(-,0) = ug, B(-,0) = By in £,

(3.1)

where 11 is the unit outward normal vector on I', and the notation
[h], =h — (h-d)d and friction matrices

L1, Ly, My, My € C™(T \ Te; R?*?).



Theorem 3 (Manuel & W.: arXiv 2203:10758): Assume one of the

following configurations

(a) Q2 is a bounded simply-connected subdomain of R?, and the open
subset I'. C T' is connected. The friction coefficient matrices satisfy
Ly, Ly, My € C®°(I'\ T'; R?*2) and M; = 0.

(b) Forrg > 1y >0 and D, = {x € R?||z| < r}, the domain
Q C A2 = D,, \ Dy, is simply-connected and bounded by a closed
Lipschitz curve T', while the controlled part is I'c = I\ 9A]2. The
friction coefficient matrices My, L1, Lo € C* are arbitrary and
My = plyyo, for p e R.

(a) A planar simply-connected (b) An annulus section where the
domain with I'c being connected. controls act along the cuts.

Figure: The controls act along the dashed boundaries which represent I'..



Then, for any given initial states ug, By € LZ(2), target states
u;,B; € L?(Q) Teir1 > 0, and 6 > 0, there exists at least one weak
controlled trajectory

(w,B) € [CH([0, Teen]s L2(2)) N L*((0, Tean); H' ()]
to the MHD equations (3.1) which obeys the terminal condition
lu(-, Teen) — aillz2(0) + [1B(-, Tewrt) — Billz2(0) < 9, (3.2)

where L2(Q) = {f € L?*(Q): V- f=0inQ,f-ii=0o0nT\TI.}.
Remark: For the general case that € is a multi-connected domain of RV
with N = 2,3, to have the similar small time global approximate

controllability as stated in the above theorem, one needs to modify the

second equation of (3.1) as
OB - nwAB+ (u-V)B— (B-Viu=Vg+¢ inQx (0, o),

with € = 0 when the friction matrix M = 0 in (3.1).



|dea of the proof (domain extension)
For simplicity: Consider 2-D simply-connected case with u; = B; =0

(null controllability)
Let £ CRYN be a smoothly bounded domain with

NCE T.CE T.NEH#D, I'\T. Co&
Also introduce
> extended initial defined in &,

» extended friction coefficient matrices
Ml) M27 Lla L2 S COO(?7 RNXN)

Figure: Domain extensions.



|dea of the proof (weak controlled trajectories)

A weak controlled trajectory is any pair
(w,B) € [C4(10,T); L(2)) N L*((0.7): H' ()],
which is the restriction to 2 of a Leray-Hopf weak solution to

ou—uriAu+ (u-Viu—pu(B-V)B+Vp=¢ in&x(0,T)
B —1nAB+ (u-V)B—(B-V)u+Vg=1n in&x(0,T)
0,7)

V-u=0,V-B=0 in & x (0,7),
(Vxu)xd=[Mu+LB]_ ,u-a=0 on 9€ x (0,T),
(VxB)xn=[Myu+L;B] , B-ni=0 on 9€ x (0,T),
u(-,0) =g, B(,0) = B in €.

with external forces &, 7 supported in £\ Q.



|dea of the proofs (asymptotic expansions)

Apply the transformations

v v
2 =uk B, pt=pEyug, V= =gy

Scaling: for any positive ¢ <€ 1 define

256z, t) = ezt (z,et), pTe(a,t) = EpT(a,et),  E5(a,t) = 265 (a, et),

which satisfy in £z = & x (0, %) a problem of the form

Qyz ¢ — eANFZ T4 ATz ) + (27 V)25 + Vpe =5 in €,
V.-zte=0 iné’%,
ZE€ =0 on 35%,
(V xz5) xn=[MFztec+ L¥z—c] on d€r,
25(-,0) = ezf = e(up + VEBo) in &,

where M*, L™ are determined from My, My, Ly, Lo.



|dea of the proofs (asymptotic expansions)
Goal: choose £+ such that
|25 T/e) | 2(e) = O(eF), as e — 0. (33)
Then: for € = ¢(d) > 0 sufficiently small one has
[aC, Dllzae) +IBC Tz = O(et) <.

Ansatz: (d(z) = dist(z, 9E))

25 = y* + JevE(z,t,d(x)/\/€) + ezt + technical profiles + er®c,

pT€ = p* + ep™! + technical profiles + en®c,

Ehe = &+ Vet (a1 d(w) VE) + 6B 4 eCEe.

Main ingredients:
» flushing profile (y*,p*, £*) solving controlled incompressible Euler

problem,

» (z51, p™t €51 solving linearized ideal MHD type controllability
problems,

» v solving linearized Prandtl type problem with controls ;™.



The zero order profiles (y*, p*,&*) are chosen for t € [0,T] as a special

solution to the controlled Euler system

825}’* + (y* . V)y* + Vp* = g* in gT,

V.y*=0* in Ep,
y*en=0 on X,
v*(,0)=y*(-,T)=0 in &,

which can be solved by using the return method, with

supp(£7) € (€\ Q) x (0,T), supp(c”) C (£\ Q) x (0,7).



Boundary layer profile problem

The boundary layer profiles (v, v™)(z,t;2) in the expansion satisfy the
following problem

OpvE — 2NV ATV + [(y* - VIVE + (vF - V)y*] + f20.vE = p*
0. vE(z,t;0) = gF(x,t), €& teR,,
vi(x,t,2) — 0 (2 — +o0), w€&teRy,
vi(z,0;2) =0, z€& z€R,,
(3.5)
where (. £) = —¥-C5E5HE, g% (,1) = xos ()N *(y*,y°)(2,1) being
given by the Navier condition.

For the above problem (3.5), one can find controls ;* satisfying
supp(pt(-,t;2)) € €\ Q, such that

v

Thus, we get the conclusion ||zE<(-, T'/e€)||p2(e) = O(e¥).

<, T.d0)

Y

5
, < Ces.
€ €

L2(&)

—~




Thank You!
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