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I. System of equations in Eulerian coordinate

The compressible Navier-Stokes equation
over @ = {z € R"; |z| > 1} in R*(n > 2)
t>0, z€. (1)

pe + div(pU) =0,

(AU)s + div(pU @ U) + Vp = vAU + (v + A)V(divU)

p(t,z) : density.

° p(t,
® U(t,x) = (ur,ug, - ,uy)(t,x) : velocity.
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I. System of equations in Eulerian coordinate

The compressible Navier-Stokes equation
over @ = {x € R"; || > 1} in R*(n > 2)
t>0, z€. (1)

pe + div(pU) =0,

(AU)s + div(pU @ U) + Vp = vAU + (v + A)V(divU)

p(t,z) : density.

U(t,z) = (ur,ua, - ,un)(t,x) : velocity.

p(p) : pressure, C! and p/(p) > 0.

v, \ . viscosity coefficients satisfying v > 0, 2v 4+ nA > 0.
spherically symmetric solution =, U are function of r = |z|,

pt, ) = p(t,r), Uuwyzﬁmam. (2)

Substituting (2) in (1) =
(" o)+ (7" pu), =0,

(pw)e + (pu’ +p(p))r + (n— 1) =1

r Tn—l

pu? <(rn1u)r> w=2v+A>0. (3)

3/45



® I|nitial and boundary conditions.

(p(O,r),u(O,r)) = (pO(r)7u0(r)) — (p+7u+) as r — o0,
u(t,1) =up <0

(4)

p+ >0, ugp <0, up < 0 are constants. As uy, < 0, outflow problem.

Note. up > 0: inflow problem, wu, = 0: impermeable problem.
One boundary condition is nesessary and sufficient for well-posedness
as characteristic speed u of 1st equation is negative near boundary.
Compatibility condition is assumed to hold, i.e.,

U()(l) = Up,

(rn—luO)T

{ — potio(uo)r + H(Tni,l% - P(Po)r} = 0.

r=1
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As stationary solution (p,@)(r) is independent of time variable ¢,
(r"tpu), =0,

o B (T’n—lﬂ)r
puily + p(p)r = p et o r>1
T

Boundary and far field condition. (same as (4))

(p,a)(r) = (p+,uy) asr — oo, U(l) = up.

We show the solution (p, u) exists globally in time and converges to the

stationary solution (p, )
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Related results
Impermeable problem on exterier domain (n > 2)
e S. Jiang (1996) (uy,up =0)
° p=Rpb.
® |arge initial data, No external force.
= - Global solution.
- (Partial) asymptotics, i.e., tlglgo lu()||p2s =0 (j =2,3,...) for R3.
e T. Makino, M. Okada (1993, 1995) + S. Matsusu-Necasova (1997) -
° p= KIO’Y_
Initial finite Mass = Vacuum.
Gravitational force. = 7 Stationary solution with compact support.
v>4/3, 0 < K <1 = Stationary solution is stable.

p
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e Nakamura-Nishibata-Yanagi (2004) (up = O:lmpermeable)
Existence and asymptotic stability of stationary solution to the system
with external potential forces for large initial data.

e Nakamura-Nishibata (2004) (up = 0)
Same results as above for heat conductive model.

If Ur(r) > 0, it can be arbitrary large.

/ U, > 0, attractive

U0,

repulsive

— <« >

general U,
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Il. Existence and property of stationary solution
Existence of the stationary solution is proved by Hashimoto-Matsumura.
Integrating 1st equation in (5) over [1,7],

P = B () = Pl

p(r)
It is necessary to assume uy = 0 as u(r) — ugy =0 (r — 00).
. a(r) 1 ) .
Substituting n(r) := """ — — in 2nd equation of (5),
") p(L)us P+ ®)

_ ne(r)) _ pP(Nugvy 1 p* (Vg (n(r)
P(L)u (rnl ),« = plop )+ 2 (r2(”*1))r+ rn—1 =l )7
Integrating,

1e(r) p(1)?ujvy /5(1)2%377(7")Jr

P(l)ubﬂrn_l *p(U_;,_‘l’?](T))* 2T2(n_1) - T2(n_1)

+ p(1)%ui(n 1)/ SZ’EL )1d = (Cp : constant.

. Tlr(T) _ 1 _ _
Tli)n;o ,rn—l - ﬁ(:l)ub//[/ (CO +p('U+)) =0 = CO - 7]?('04_)
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Hence we have

n—l EV4 1

r
Ny = i (P (v +mn) = P(vy)) + o
-1 n—1 oo
+ 8:71 - en=Lr / 27(15—)1 ds, r>1, (6)
pr u .S

Jim 1) =0

1 1
where ¢ := p(1)uy, vy := —, P(v) :=p ()
P+ v

Some coefficients in (6) diverge as r — oo
= (6) is a singular differential integral equation.

By iteration method, it is proved the unieque existence of the stationary

solution 7 in the space

Y = {neC([L,00);nlly <o}, Inlly = sup P20V (r).
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Theorem 1.(Hashimoto-Matsumura)
(Unique existence of stationary solution)

Let |up| < 1, the stationary solution to (6) exists uniquely in
Su = {n € C([1,00)) ; sup 7“2("’1)?7(7’)’ < M} :
r>1

It satisfies
In(r)| < Cr= 2+ |y 2,

where M is a positive constant depending on |u| and
C'is a positive constant independent of 7, |up].

° M ~ C’|ub|2
® Then we derive
the properties and the decay rates of 7, and 7.
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e Existence of 7(r) = Existence of stationary solution (p, @)(r)
to (3), (4): outflow problem --- u; < 0 as

SN 1 up (v4 +1(r))
(P ) = (n(r)%—v+’(v+-+7ﬂl))r”—1>

° (ﬁ? 71)(7“) - (p+70) asr — oo
e Convergent rates of 1st and 2nd order derivatives of (p, ) as r — oo
= Asymptotic stability of stationary solution (p, ).
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Theorem 2 (I.Hashimoto, S.Sugizaki, S.N.)
Let |up| < 1. n(r) satisfies

m) <O, ool SO HpE
Nrr(r) >0, 0| < CT_2n|“b|2a a

C' is a positive constant independent of 7 and |uy|.

e Convergence rate plays essential role in asymptotic ananysis.
o [n(r)] < Cr=2m+2u 2.
These decay rates seem reasonable since standard O.D.E. satisfies
dpu = f(u), lu] < Cla|?? = |04u| < Cla| > fori=1,2,---.
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e Stationary solution (p, @)(r) is given by

o 1 up (v +1(r))
(pa)(r) = (n(r) + oy (vy +n(1)) 7“"1>
— [Theorem 2] yields the property of (7, ).

Theorem 3 ((p, @)(r) (r — oo) decay rate, sign)
-+ (l.Hashimoto, S.Sugizaki, S.N.)

Let |up| < 1. Forr > 1,

Up(r) >0, || < Cr="|ul,
Upr(1) <0, |ilpr| < Cr7 " up).
15 ()| < Cr 2" Mupl?,  |rr(r)] < Cr2™ug |

where C is a positive constant independent of r, |uy].
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e Stationary solution (p,@)(r) is given by

o 1 up (v +1(r))
(p,@)(r) = (7](7“) + oy (v + (1)) 7“”1>
— [Theorem 2] yields the property of (7, ).

Theorem 3 ((p, @)(r) (r — oo) decay rate, sign)
-+ (l.Hashimoto, S.Sugizaki, S.N.)

Let |up| < 1. Forr > 1,

aT(r) > Ov |'a7‘| S CT—”|U17|,
7:67”7‘(71) < Oa |ﬁrr| é C,r—n—l|ub|.
15 ()| < Cr 2" Mupl?,  |rr(r)] < Cr2™ug |

where C is a positive constant independent of r, |uy].

® Decay rates of stationary solution in Theorem 3
= Asymptotic stability of the stationary solution.
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I1l. Asymptotic stability with small initial data

Theorem 4, Asymptotic stability (I.Hashimoto, S.Sugizaki, S.N.)
Let p+ > 0 and u, < 0. Suppose |up| < 1 and initial data (po, ug) satisfy

po € B11[1,00), ug € B*7[1, 00) for 0 < 30 < 1,

n—1 - .

Ir2 (po — pyuo — @)1 < 1.
= (3), (4) has a time global solution (p,u). Namely,
for YT >0 (p,u) € BIF9/2140  Bl+o/2.2+o ([0, T] x [1, 00)),

(p— p,u—1) € C([0,00); H([1,00)), converging to (5, %), i.e.,
lim sup |(p7 u)(t,r) - (ﬁ? ﬂ)(’r)| = 0.

t—00 151

v

|- |l1: H' Sobolev norm
Hoder space
f € B]H_a(U) = |f|Bk+a(U) < Q.

. 6k _ ak
|f|Bk+0‘(U) = Z sup Ia;:f(xﬂ + sup | xf(x) xu(y)|

i:07..‘km€U z,yeU,x#y |(E - y|a

147745



Proposition 1 : A priori estimate

Under the same assumptions as in Theorem 4, we have.

1 LI n—1
WﬁzWAMﬁW%+Z;WZE@@MF+HT2wﬂﬂﬁ+

where C' is a positive constant independent of initial data.

+ (7, D) Pdr < C|lr"T (¢0, Yo

v

|- [l1: H' Sobolev norm
|- |]: L? norm.

15/ 45



® Qutline of the proof of Theorem 4.
® Time local solution in Holder space in Eularian coordinate.
(Ref:Tani.1977)
Note. To construct solution in H' Sobolev space is difficult.
Rewriting the equations in Eulerian coordinate to Lagrangian
coordinate.
Derive the estimate in Holder norm from a priori H' estimate with the
aid of Schauder theory for parabolic equations.
= Time global solution in Lagrangian coordinate
with moving boundary
= Time global solution in Eularian coordinate. Namely for ¥7" > 0,

P (p =P T (= (p— )T (u— ), € C0,T]: L2 (1,
p € BFEI([0,T] x [1,00)),u € BF5:29([0,T] x [1,00))
(Ref. Nakamura-Nishibata-Yanagi.2004, Kawashima-Nishibata-P.Zhu.2003)

H' a priori estimate yields the asymptotic stability

lim sup (p,w)(t,7) = (5. 3)(r)| = 0.

t—00 p

16 / 45



® From (3), (5), Perturbation
(o, ) (t,7r) = (p(t,r) — p(r),u(t,r) — u(r)) satisfies

{ ot +udy + pthy = F, (7)
P(@bt + u¢r) + Pl(/))gbr — Py = g

n—1, o
—(du+ )

Fi= _p~7’~' o &IC) o
G = —(60 + @6 + )iy — (P'(p) = P'(9)p, + uln — (L),

® |nitial and boundary data

6(0,7) = do(r) = po(r) — p(r),
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H*' a priori estimate

® From (3), (5), Perturbation
(¢, 0)(t,r) == (p(t,r) — p(r),u(t,r) — a(r)) satisfies

{<m+UQ4#Ww:f, -
p(1/}t + ’U,’l/}r) + Pl(p)¢r - /“/}7"7" =g

n—1

Fi= —prtp — iy —

(Pu + p)

r

G = —(60 + 6+ j)is — (P'(p) = P'(3)ir + u(n — (D),

r
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H*' a priori estimate

® From (3), (5), Perturbation
(¢, 0)(t,r) == (p(t,r) — p(r),u(t,r) — a(r)) satisfies

{ Gt +upy + pihr = F,
p(wt + Uf‘/}r) + P/(p)¢r - /“/}7"7" = g

- - n—1
Fi=—prtp —iind — —

(pu+ py)

G = — (¢ + @6+ p¥)iir — (P'(p) — P'(3)fr + pln — (),

"
® |nitial and boundary data
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® Define energy form & by

1 . P —p(p
£= -+ [ PO ay (o,

if [(¢,7)] is small.

& satisfies

2
(o) + {pue T+ (P(p) — P2)) — bt — il — 1)7’”}

2r
+ ppp + 71(p7uw2+uw2)
+(n_1)ﬁﬂ( (p ) ( p) P )ppp)

_ ~ L Tn—la .
—(pv* + P(p) = P(p) = P'(p)(p = p)) Uy — %W (( T,H) > :
We cannot have estimate by integrating above. = Weight function.
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Multiplying (8) by 7", we have

(r" 1 p€)e + [r"_l {pué’ +(P(p) = P(p))d — ppioy — p(n — 1)15}} .

+ Sl = D22, 4 = D9 2 it (9)

= (" (P~ Pl P(p)e) — o (L)

Note. 1(1,t) = 0. puE(1,t) ~ p(1,t)upp?(1,t) < 0
= Integration of the 2nd term vyields good term.
U > 0 = the last term in L.H.S. is good term.

oo
Remark. If f is symmetric, / / / Tn—lf
[r|>1
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® Integrating (9) over [1,00) x [0,].
00 t
[t £ A e+ ] [ o1
1 0
t oo
+/ / 3 42 4 | drdT
0 J1
<C [y g ear
1

[0, (P - PG = P@) o~ ) drde

t Oo/‘L n—1 (Tn_la)T
_/0/1 E(j)q/;r ( ) >Tdrd7'
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® The 3rd term in (R.H.S.) is estimated by using [Theorem 2]
P 1
(7t i] = 1 < a2

Integration by parts of 3rd term yields

t [e'e) n—1~
/ / |(17¢1/Jr"_1)r7(r ni?)r|d’rd7'
0o J1 T
t t [e'e)
3 2 2 —2n 2 2
< Clu| {/ 1601 + e d7+/0/1 =2 (g +w>drd7}

t
§C|Ub|3/0 (@ (L, 7) + [lo7] + [0 ])dr as P*(1,7) =0,

where we have used the poincaré type inequality with 2n >4 (n > 2).

e Since f(r) /fr dr, ()] < [FO)] V=T fellze (5> 3) =

/1 *f2r < C / D+ (= DI fel22)dr < CUFOE + [ ellz2)-

® The other terms in (R.H.S.) are handled similarly.
21/45



® Basic estimate of (¢, 1))

t
n—1 n—1
15 6, T ) () + /0 o(r. 1)%dr
t roo
[ e (10
0J1
t
n—1 n—1 B
< O|I(r*F g, 7T o) |12 + Cluy|? /0 ()| 2dr.

The last term is handled by the estimate
of higher derivatives by using |up| < 1.
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® Higher order estimate of ¢

{ o1 + upy + pty = F, @
p(wt + ’U,wr) + P,(p)¢T — i =G

e We have to use difference quatient in place of 0,

_plr+h) —p(r)
on = @n(r) == . ,

for h > 0. After driving the nesessary estimates, we let h — 0.

Here we avoid these (tedious) discussions.

e 1st step. Differentiate 1st equation in (7) by 7 and multiply ue;.
2nd step. Multiply 2nd equation in (7) by p¢, and add to above.

e Multipl 7"~ and integrate over [0, 00) x [0, 1].

23 /45



fe'e) t
/ r”1¢$dr+yub1/ ¢p(1,1)%dr
1 0
t 9] ¢2
+// {|ub]T—i—rn_lqb,%%-r"_l]ﬂr\qbz}drdT
o J1 r
<C [T o)+ g ar
1
o0 ot
T / G (r)dr 4+ Cluy / (7 2
1 0
t t
LN @) / fuy 2(r, 1)2dr + ON (1) / e ()2
0 0
t o0
+ C(Jus) + N (1)) / / G2 B2 4 L2
0 1

where N(t) := sup ||(¢,9)|3(7).

0<r<t
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® Higher order estimate of v
e Multiply 2nd equation in (7) by —t,/p.
Integrate the result over [0, 00) X [0, ]

o] t [ee)
/ r”_lwfdr + / / r”_ldjfrdrdT
1 o J1

<c / T )+ R (r)dr
1

+C [ 1) R ()
b (12)
4 Cluy? / v (7) 27
0
t [e'e)
+Cul + N@O) [ [t Sy e drar
0 1

t
+ CN(t) / r" 12 dr,
0
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Multiplying suitable constants on

(10) (Basic estimate),

(11) (Higher order estimate of ¢),

(12) (Higher order estimate of 1)) respectively, summing up,
and then using the smallness, i.e., |up| < 1, N(t) < 1,

we have H' a priori estimate.

1 t n—1 n—1
||r2(¢,w)(t)\|%+/0 I72" g (DI + 2 ¢ (7) I+

n—1
2

+o(r, )Pdr < Cllr = (¢0,%0) 13-
Thus under the assumption that initail data ||(¢o,%o)|| is small,

the asymptotic stability of the stationary solution holds.
In the proof, the positivity of p holds as

sgl;l(cﬁ,w)(t)l SN <1 =p=p+té=p>0.

Difficulty to handle large initial data.
.-+ Positivity of p for large initial data?
Point wise estime of p by representation formula in Lagrangian coogg?tfs



IV. Inflow problem
Initial and boundary condition.

(p(0,7),u(0,7)) = (po(r), uo(r)) — (p+,0) as r — oo,

(p(tv 1)7 U(t, 1)) = (le ub)'
P+, Pb, Up are positive constants. Compatibility condition is assumed. up > 0
= inflow problem.
eTwo boundary conditions is nesessary and sufficient for well-posedness

as characteristic speed u of 1st equation is positive near boundary.

e Existence of stationary solution (p, %) --- A.Matsumura, |.Hashimoto.
e Convergence rate --- S.Sugizaki and S.N.

Theorem 5, Asymptotic stability (Y. Huang, S.N.)

|(py — psup)| < 1 and pg € B[Ry, ug € B2[R,) for 0 <30 < 1,
HrnT_l(po — pyup — )|l < 1. = a global solution, YT > 0
(p7 U) c Bl+a/2,1+a % 61—5—0/2,24—0([0771] % [1,00)),
(p— p,u—1) € C([0,00); H'(R.y), converging to (p, 1), i.e.,
lmy 00 sUp,.»q [(p, w)(E,7) — (5, @)(r)| =

(Proof.) By using Lagrangian coodinate, not Euilarian. 27 /45




V. Asymptotic stability for large initial data
Theorem 5 Outfow problem (Y.Huang, S.N.)
Let p(p) = kp? (1 < v < 2, adiabatic constant), 0 < ¢ < py,

n—1

2 (po — p,ug — i) € HY(1,00), po € BLT7[1,00), ug € BE[1, 00)

loc loc

for 0 < 3o < 1. |up| < 1
= 7L time global solution (p, u)(r,t);

lim sup |(p(r,) — A(r), ulr,t) — @(r))| = 0.

t=30 1e[1,00)

T Smallness of initial data is NOT necessary.
B (1,00) := {f € B"[a,b] ; "[a,b] C [1,00)},

loc

5ot = {7 e oo s KHOZSR0

|z —yl|”

e Difficulty: To show positivity of density 0 < p < p <p < o0
= Representation formula of density p in Lagrangian coordinate.
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Outline of proof for large initial data.

@ (p(r,t),u(r,t)) in Eulerlan coordinate

U [ransformation]

(v(z,t),u(x,t)) in Lagrangian coordinate.

@® Time local solution over (0,00) by using cut off function in space.
(c.f., [Kazhikhov 1981], [S. Jiang 1996], [T.Nakamura, S.N.])

© Energy estimate.

Pointwise estimate 0 < v < v(x,t) <v. = A priori estimate in H!
O Apply Schauder theory for parabolic equations.

= Holder estimate.

= Time global solution, Asymptotic state in Eulerian coordinate,

e, (p,u) = (p,a) (t— o00).
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Lagrangian mass coordinate
Transformation (r,t) — (x,t) given by

v =B(t) + [f”‘lp(f,t)d& B(t) = —up /0 p(Ls)ds  (T)

v 1 .
=, T = (v:= . specific volume)

(B) =

v — (r"u), =0, x>0, t>0, (L.a)

n—1
u + 1" py = pr” 1((7‘ u)x> (L.b)
v x

- Initial data

(v, u)(2,0) = (v, u0)(x). (vo() = 1/po(r(x,0)
- Boundary data
u(B(t),t) = up.
T{r>1} — {x>B(t)}. B'(t)>0asu, <0and p>0.
1 Stationary solution (p,@)(r) is not stationary in Lagarangian coordinate (z,t)
as r =r(x,t), defined by inverse of (T).
30/45



e Difficulty in Lagrangian coordinate

r(x,t) - 00 as x — oo.

Y

Coefficients in (L) are unbounded in z > 0.

I
Need to use “cut off function” B(t) + ¢ (x).

1

0 m

{ dm(z) =1 for z € [0,m/2],

Sigf

0<dm(z)<1 forxe(m/2,m),
Gm(x) =0 for x € [m, 00).
dm € C3[0,00), |0hom| < C/m’ for i =1,2,3.
(c.f., [S. Jiang 1996], [T.Nakamura, S.N. Yanagi 2004])
After deriving estimates in H'(0,m), we let m — oo. 31/45



Energy form &, defined by
—1y _ 1
G(v,0) := M dz = ﬁp(fz)g(%), v = e v:=1p
g(s) ::s—l—/ n Tdn>s—1-logs (s> 0).
1

Let (6,0)(w,1) = (0(, 1) — (1 (2, 1)), ule, £) — Al (1)),
Note. (6, 4)(r,t) := (p(r,t) — p(r), u(r,t) — a(r)).
Multiplying (L.b) by v and using (L.a), we have the equation for &z,

Eret 1

n—1 2 3 0
(r Uw)u( — 1)1 )|ub,n7fﬁza(v,@)+aral¢|2

P 1
{0 o) —pw)r )+ e, (E)

where L := pd,(r'="9,(r"'a)).
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For simplicity, assume perturbation (¢, ) in Lagrangian coodinate satisfy
¢, 0, "y, 1" py € O([0,T) = L*(0,00),

<> perturbation (gflﬁ)) in Eularian coodinate satisfy

—1 A~

= (¢,) € C([0,T) - H'(1,00)).

Integrate (E) over L(T') := {(x,t) e R x [0,T] | B(t) < z}.
e As . >0, @, >0, (L.H.S.) yields good terms.
e 1st term in (R.H.S.) disappears after integration as ¢(B(t),t) = 0.

-1 2 p2n-2 T
/ Er(z,t) dx+u// n U¢ oLt ¢i}dxdt+|ub|/
B(t) v
+c// |ub|— + |ub|3 ( }d dt </ Er(z O)dx—f—// Lip¢dx
£(T) £(T)

e The last integration is handled as follows.

// Lgdz| < Cluy)? // ‘ﬂnhﬂdw < // o dr + // o dr,
L(T) T T v<D o<v

as |L| = [0, (=", (r"~10))| < CluyPr=3n 1.
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Lemma
If 1 <~ <2, then for v, v > 0,

|¢I2 ny i< 3G(v,7) ifv <9,
~ | 9vG(v,v)  if U <w.

For v < 9, it holds

\ub|3/ |¢’ | |dac< Clu ]3/ ?‘fp_“ VOIHG (v, 0) da
v< v<

gC\ub\?’/ Glo,0) dx+C’\ub\/ A
Bt " Bt ™

For v < v, it holds

]ub?’/ ] W ’ ‘d < Clu |3/ 3n V070G (v, 9) dz
V>0 St {v>o} T

-1 2
< (n )M/ vy dx+C’|ub|3/ Glv, ) dz,
s B(t)

= 2 o 7 yon—4

These terms are absored in (L.H.S.) by taking |us| < 1,
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-1 2 n72
T et dx%—%//m " L dﬁ}dmdt+
B(t) L(T) v

712
1l /
0

dt+c// |ub| +|b|3G( )}d dt
S/o Er(z,0)dz, (E)

(L.H.S.) contains v(z,t), which may be zero eventhough 0 < vg(x).
We derive ¢y < v(x,t) < Cp, ¢y Cy constant depending on (vg, up).
Once it is shown, we have L? estimate as £, ~ ¢? + >

T
/ (2, 9?)(x,t) dx+// 5+ ﬁdxdt+/ o> (B(t),t) dt+
B(t) T) r 0

// }ma<c/ (60, 0) () dz
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‘ Representation formula of density‘

For k=1,2,..., define “cut off function” by

1, Bt)+k—1<z<B(t)+k,
(@) ={ 1—z+Bt)+k, B{t)+k<z<B(t)+k+1,
0, Bt)+k+1<uz

Note. B(t) is monotonically increasing function.

Mk t

0l B&O+k-1 B +k+1

For V(x,t) € L(T), Pk st. x € [B(t) +k, B(t) + k + 1].
Multiply (L.b) by 7" ~1n.;, integrate over [z, 00) x [0,%] and take exp.
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As B(t) is increasing,
t
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vo(z)Y + B2 tAx,sDx,sds
()T = ole) A&iéﬂ;@ag (@, 5)ds (z,1) € L(T)

B(t)+k+1 -1 t poo ~2
A(:tt exp // S—u// T]kt%dyds 7
B(t)+k

n—l B(t)+k+1
D(a,t)= exr)(ﬂ/ Mkt { e lff(r y,S)dy‘ // nmﬂludsf/ log*dﬂc)

B(t)+k vo
i [T
1 ——d
)|”b|/1 2n-14*

Pointwise value v(z,t) is given by the integrals.
Showing the arguments of exp in (R.H.S.) bounded, term by term, from
(E) gives

0<c<wv(xt)<Ch<oo = 0<p<p(xt)<p<oo.
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Pointwise boundedness of v(x,t) ‘

Proposition 3
0<co<v(z,t)<Cy for (x,t)€ L(T).

co & Cy depend only on initial data.

1 Prop.3 is proved by several lemmas by using

-1 2 n72
T st dx%—g//ﬁ " WL uﬁ}dmdt+
B(t) L(T) v

r2

(v,0) 3G(v,0)
+ \Ub|/0 » (B( dt+c// |up | —|— |up) T }dxdt
g/ Er(z,0)dz, (E)
0

39/45




Lemma 1

T
/ sup [r" 2% (x,t) dt < Cp, Cy is const. depending on ||(ug, vo)]|.
0 #>B(1)

(r" 2% (x,t) = / w (r"2y?)pda = / ' (n—2)r"3ry® + 20" 2pda,

B(t) B(t)
Substituting 7, = v/r"~ 1, taking absolute value, integrating in ¢
and using Schwartz ineqgaluty, we have from (E),

T
/ sup |r" 2 (x, 1) |dt<// (n—1) wQ x}(m,t)dx
0 «>B(t) L(T)

g:{/ €1 (2, 0) da. (14)
0
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Lemma 2

a+1
0<3¢; <eg<oost. ¢ < / v(x,t) dr < co for Ya > B(t).
a

(Proof) From (E), we have
a+1 v %S} v
/a g(g)dmg/B g(g)dmg B(fL(;ctdm</€Lm0dx—Co

()
Note g”(s) > 0 (s > 0) and g(s) = coas s \(0ors— o0. (g(s) =s—1— [ n "dn)

g(s)

Cot-

0 dl 1 d2
By Jensen's inequality,

g (/aa+1 %dx) < /aa+1 (%) dr < Cy, = a1 < /aa+1 (%) (o ) < .
<

v =1/pis bounded, ie., 0 <c << C. 41 / 45



For example, 2nd term in D(z,t) is handled by Lemma 1.

t roo ‘U‘z t roo
[t as|<e [ [ swe?<cy
JoJz r 0J B(t)

By Jensen's inequality, we have the upper bound for 3rd term in D(x,t),

B(t)+k+1 B(t)+k+1
/ log v(y, ) dy < log</ v(y, ) dy) < Co.
B(t)+k vo(y) BW+k  vo(y)

The lower bound follows from Lemma 2,

/B(t)+k+l o(y, 7) :/B(t)+k+1{log UOT) o W)

log ——=d p
B(t)+k vo(y) B(t)+k o(y,T) vo(y)

B(t)+k+1 v v o
> — g(=) — =+1—-log—(y,7)dy > —C).
/B(t)+k { (’U) (Y ’UO}( )

Thus we have 0 < ¢y < v(z,t) < Cy = / Ep(t)de ~ / |(6,9)(x,t)|? de.
B(t) B(t)

t
Corollary ||(,¥)(t)]” +/O =t ) + 11 s | dr < Cll(d0, v0) 1>
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Weighted H! estimate in Lagrangian coodinate‘

n—1

or 2 (p—p,u—i) € C(H) < (v—0,u—u),r" *((p—p)s, (u—1),) € C(L?).

et o= 2~ P (6,0) = (0~ B u— 1),

Substituting (L.a) in (L.b) and muptiply by ¥=(»=1 and using r; = u,

VK F v p(v) —p(®) 8p v
bt =D T it T O
o u  yK _ _1 Orp
Q,_@,u—l—(n—l);—jv Tt pr” ar(rn—lﬁz)

Multiplying by 72("=2) " and integrating over £(T)
00 T T roo
/ rn 2R (2t daz+|ub|/ gi)i(B(t),t)dt—k// r2 4 F2 dzdt < Cy.
B(t) 0 0 JB()
As 1) is estimated in Corollary,
00 T T roo
/ P22 (1) da+ |yl / ¢2(B(t), t) dt+ / / r? g2 dedt < Cp.
B(t) 0 0 JB(t)
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‘ Estimate of ¢, in Lagrangian coodinate‘
Multiply (L.b) by 7"~14),, and integrate to obtain

00 t 00
/ P22 (x, t)da +/ / rAn =642 dxzdr < Cj.
B(t) 0 JB(r)

Let up < 1.

[e’e) T
/ (2,2, r2" 2, 1220, ) (2, t) Az + / (%, $2)(B(t),t) dt+
B(t) 0
n— QZ}Q n—
+ / /£ T R < o

Proposition [Asimptotic behavior]

sup |(u(z,t) —a(r(z,t))),v(z, t) — 0(r(z,t)))| = 0 as t — oco.
z€(B(t),00)
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Thank you for your attention.
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