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The least action principle

The statement: The system will evolve in time along the path, that the action 
functional is “critical”, from an initial point to a final point on the configuration 
space .Σ

δq
Γ

Γ′￼

q(t1)

q(t2)

The configuration space : , where  is a 
set of good coordinates and  is a degree of freedom.

Σ {q(t) = {q1(t), q2(t), . . , qN(t)} q(t)
N

δS = SΓ′￼[q + δq] − SΓ[q] = ∫Γ′￼
Ldt − ∫Γ

Ldt = 0

∂L
∂qi

−
d
dt

∂L
∂ ·qi

= 0 , i = 1,2,..,N

Note: There is only one true path called a classical path for a system to 
evolve from the initial point to the final point.

Σ



All possible paths

In quantum mechanics, a particle will take all possible paths from the initial 

point to the final point at once, with different prob weight  .≈ e
i
ℏ S

q(t1)

q(t2)
The propagator  
is a function that specifies the prob amplitude for a 
particle to get from the initial point to the final point. 

Here  is nothing but the time evolution 
operator with condition .

K(q2, t2; q1, t1) = ⟨q2 |U(t2 − t1) |q1⟩

U(T ) = e− i
ℏ ĤT

U†U = I

In the case of “quadratic Hamiltonian ( )”, 
one can derive 


 ,


where  denotes integration over all 
path  from  to .

p2

K(q2, t2; q1, t1) = ∫
q2

q1

𝒟[q]e i
ℏ S

𝒟[q]
q q1 q2

Σ



Integrability as Multidimensional consistency

Liouville-Arnold theorem: The integrability is defined in terms of the existence 
of the invariances, implying the existence of Action-Angle variables.
Theorem: If, in a Hamiltonian dynamical system with  degrees of freedom, 
there are also known  first integrals of motion  
which are independent and in involution: , , then there exists a 

canonical transformation to A.A. variables , where  in which the 

transformed Hamiltonian is dependent only upon the action variables and the 
angle variables evolve linearly in time. Thus the equation of motion can be 
solved in quadratures:  and .

n
n F = (F1, F2, . . . , Fn) ∈ ℱ(T*Σ)

{Fi, Fj} = 0 i ≠ j
(I, θ) Ij = Ij(H)

·Ij = 0 ·θj = Ωj(I)



Integrability as Multidimensional consistency

Liouville-Arnold theorem: The integrability is defined in terms of the existence 
of the invariances, implying the existence of Action-Angle variables.
Theorem: If, in a Hamiltonian dynamical system with  degrees of freedom, 
there are also known  first integrals of motion  
which are independent and in involution: , , then there exists a 

canonical transformation to A.A. variables , where  in which the 

transformed Hamiltonian is dependent only upon the action variables and the 
angle variables evolve linearly in time. Thus the equation of motion can be 
solved in quadratures:  and .

n
n F = (F1, F2, . . . , Fn) ∈ ℱ(T*Σ)

{Fi, Fj} = 0 i ≠ j
(I, θ) Ij = Ij(H)

·Ij = 0 ·θj = Ωj(I)

Hamiltonian commuting flows: Since all invariances are defined on cotangent 
bundle , we now may treat them as a set of 
Hamiltonians  

which is known as the Hamiltonian hierarchy equipped with the property 

 [involution]


(F1, F2, . . . , Fn) ∈ ℱ(T*Σ)
(F1, F2, . . . , Fn) = (H1, H2, . . . , Hn)

{Hi, Hj} = 0



Integrability as Multidimensional consistency
From the standard structure, the Hamiltonian can be treated as the “time generator” s.t.

, where . Then we, in this context, have a multi-time structure: 
.


Now given  and  , , we have


 and .


Next, we consider


 [Jacobi identity was 

used.]


Therefore, . This means that the order of evolution does not matter.

·∘ = { ∘ , H} ∘ ∈ ℱ(T*Σ)
t = (t1, t2, . . . , tn)

F ∈ ℱ(T*Σ)
dF
dtk

= {F, Hk}
dF
dtl

= {F, Hl}

d
dtl

dF
dtk

= {{F, Hk}, Hl}
d

dtk

dF
dtl

= {{F, Hl}, Hk}

d
dtl

dF
dtk

−
d

dtk

dF
dtl

= {{F, Hk}, Hl} − {{F, Hl}, Hk} = {F, {Hl, Hk}}

d
dtl

dF
dtk

−
d

dtk

dF
dtl

= 0



Integrability as Multidimensional consistency
Equivalently, one can write , where  is a Hamiltonian vector field. 
Then the relation 





can be re-expressed as  or 

·∘ = { ∘ , H} = XH ∘ XH

d
dtl

dF
dtk

−
d

dtk

dF
dtl

= 0

[XHl
, XHk

]F = 0 [XHl
, XHk

] = 0

T*Σ

Flows generated by XHl

Flows generated by XHk

[XHl
, XHk

] = 0

Initial point

Final point



Lagrangian 1-from and the closure relation
Given a set of Lagrangians , an action functional is given by


 , 


where  is a Lagrangian 1-form and  is a curve defined on the space of 

independent variables.

{L1, L2, . . . , LN}

S[q(t)] = ∫Γ
ℒ

ℒ =
N

∑
i=1

Lidti Γ



Lagrangian 1-from and the closure relation
Given a set of Lagrangians , an action functional is given by


 , 


where  is a Lagrangian 1-form and  is a curve defined on the space of 

independent variables.

{L1, L2, . . . , LN}

S[q(t)] = ∫Γ
ℒ = ∫Γ

dS

ℒ =
N

∑
i=1

Lidti Γ

Imposing a critical condition  and applying Stokes’ theorem, we obtain


,


and


, where  [Lagrangian 1-form 

closure relation].

δS[q(t)] = 0

δS[q(t)] = ∮∂C
dS = ∬C

d2S = 0

d(dS) = d2S =
N

∑
i,j=1

ωijdti ∧ dtj = 0 ωij =
dLj

dti
−

dLi

dtj
= 0



Lagrangian 1-from and the closure relation

 The condition  indicates that the value of the action does not depends on 

paths (sharing the same end points) on the space of independent variables.

dLj

dti
−

dLi

dtj
= 0

Γ

Γ′￼

ti

tj



Calogero-Moser systems
They are describing interacting system of  particles on a line (or circle). The Hamiltonians 
are given by





 





.


.


.

N

H1(p, q) =
N

∑
k=1

pk

H2(p, q) =
1
2

N

∑
k=1

p2
k +

N

∑
l,k=1,k≠l

1
(qk − qj)2

H3(p, q) =
1
3

N

∑
k=1

p3
k +

N

∑
k,l=1,k≠l

pl

(qk − ql)2



Calogero-Moser systems
The Lagrangians are given by


There is no 


 





.


.


.


where  and  .

L1( ·q, q)

L2( ·q, q) =
1
2

N

∑
k=1

·q2
k −

N

∑
l,k=1,k≠l

1
(qk − qj)2

L3( ·q, q̄, q) =
N

∑
k=1

( ·qiq̄i +
1
4

·q3) −
N

∑
k,l=1,k≠l

·qk

(qk − ql)2

·q =
dq
dt2

q̄ =
dq
dt3



Nijhoff’s proposal
In 2013, Frank Nijhoff proposed a new form of the propagator in “Discrete Integrable 
Systems Fellow-up Meeting”, Isaac Newton Institute, Cambridge. 


K(qb, tb, sb; qa, ta, sa) = ∫
t(sb)=tb

t(sa)=ta

𝒟[t(s)]∫
x(tb)=xb

x(ta)=xa

𝒟Γ[x(t)]e i
ℏ S[x(t);Γ]

ℝ

sa

sb

t(sa) = ta

t(sb) = tb

ℝN

Σ

q(ta) = qa

q(tb) = qb

Dependent and independent variables are treated on the same equal footing!



Rovelli’s idea, 2011
According to a view point of quantum gravity, one can work on background-independent 
theory: . Then we have now .


.


For example, a single particle Lagrangian  will be rewritten as


.


The propagator reads


q(t) → q(τ) = q(t(τ)) x = (q, t)

S[q] = ∫ dtℒ(q, ·q) → ∫ τ ·tℒ(q, ·q/ ·t) = ∫ τ(x, ·x) ≡ S[x]

ℒ =
m ·q2

2
− V(q)

ℒ =
m ·q2

2·t
− ·tV(q)

K(x′￼′￼, τ′￼′￼, x′￼, τ′￼) = ∫ 𝒟[x(τ)]e ∫τ′￼′￼
τ′￼ dτℒ = ∫ 𝒟[t(τ)]∫ 𝒟[q(τ)]e ∫τ′￼′￼

τ′￼ dτℒ

   Carlo Rovelli, 2011, “On the structure of a background independent quantum 
theory: Hamilton function, transition amplitudes, classical limit and continuous 
limit”,. arXiv: 1108.0832.



King and Nijhoff discrete propagator (quadratic case) 2019

Given discrete KdV equation and then they imposed the 
periodic condition resulting two discrete-time harmonic 
oscillators.

King and Nijhoff

    and    L1 =
1
2 ( ∂q

∂t1 )
2

−
ω2

1q2

2
L2 =

1
2 ( ∂q

∂t2 )
2

−
ω2

2q2

2

   K⌟ = K⌜

The discrete propagator processes a path-independent feature.



Multi-time propagator

Definition: Let  be a Lagrangian 1-form , where . On 

the space of independent variables (time variables) parameterised by a variable  such that , where , the 
multi-time propagator is given by


	      ,


	 


where  and   is the functional measure over all possible spatial-temporal paths. 

Here , where  is a family of paths connecting the point  with the point  on space of time variables.

ℒ =
N

∑
j=1

Ljdtj Lj = Lj (q, { ∂q
∂tj

; j = 1,2,…, N}; t)
s t(s) s′￼< s < s′￼′￼

K(q(t(s′￼′￼)), s′￼′￼; q(t(s′￼)), s′￼) = ∫
q(t(s′￼′￼))

q(t(s′￼))
𝔻[q(t(s)); Γ ∈ ℬ]e

i
ℏ ∫{Γ:Γ∈ℬ} ℒ

ℒ = ds
N

∑
j=1

Ljdtj /ds ∫ 𝔻[q(s); Γ ∈ ℬ]

Γ ∈ ℬ ℬ t(s′￼) t(s′￼′￼)



Multi-time propagator













,


where


  and  .

∫
q(t(s′￼′￼))

q(t(s′￼))
𝔻[q(t(s)); Γ ∈ ℬ] = lim

𝒩 → ∞
ϵ1,2,…,N → 0

(
𝒩

∑
αN

𝒩−1≥⋯αN
2 ≥αN

1 ≥0

⋯
𝒩

∑
α3

𝒩−1≥⋯α3
2≥α3

1≥0

𝒩

∑
α2

𝒩−1≥⋯α2
2≥α2

1≥0

𝒩Γ ∫
q(ϵ1,0,…,0)

q(0,0,…,0)
𝒟[q(t1)]

× (
𝒩−1

∏
j=1

∫
∞

−∞
dNq( jϵ1, α2

j−1ϵ2, …, αN
j−1ϵN)∫

q( jϵ1,α2
j ϵ2,…αN

j ϵN)

q( jϵ1,α2
j−1ϵ2,…αN

j−1ϵN)
𝒫[𝒟[q(t2)], 𝒟[q(t3)], ⋯, 𝒟[q(tN)]]

× ∫
∞

−∞
dNq( jϵ1, α2

j ϵ2, …, αN
j ϵN)∫

q(( j+1)ϵ1,α2
j ϵ2,…αN

j ϵN)

q( jϵ1,α2
j ϵ2,…αN

j ϵN)
𝒟[q(t1)])

× ∫
∞

−∞
dNq(𝒩ϵ1, α2

𝒩−1ϵ2, …, αN
𝒩−1ϵN)∫

q(𝒩ϵ1,𝒩ϵ2,…,𝒩ϵN)

q(𝒩ϵ1,α2
𝒩−1ϵ2,…,αN

𝒩−1ϵN)
𝒫[𝒟[q(t2)], 𝒟[q(t3)], ⋯, 𝒟[q(tN)]]

+(all symmetric terms))

∫
q( jϵ1,α2

j ϵ2,…,αN
j ϵN)

q( jϵ1,α2
j−1ϵ2,…,αN

j−1ϵN)
𝒫[𝒟[q(t2)], 𝒟[q(t3)], ⋯, 𝒟[q(tN)]]

=
1

𝒫(N − 1,rj)
(Summation of all possible permutations) rj =

N

∑
i=1

δαi
j−1,αi

j



Multi-time propagator (2D)
To get a favour on constructing the multi-time propagator, we shall illustrate the case in the 
2D space

t1

t2
ϵ1

ϵ2

𝒩

𝒩



Multi-time propagator (2D)

t1

ϵ1

𝒩

K(1) = ∫
q(ϵ1𝒩,0)

q(0,0)
𝒟[q(t1,0)]e

i
ℏ ∫(ϵ1𝒩,0)

(0,0) L1(t1,0)dt1



Multi-time propagator (2D)

(0,0)

(𝒩, 𝒩)

K(1) = ∫
q(ϵ1𝒩,0)

q(0,0)
𝒟[q(t1,0)]∫

∞

−∞
dNq(ϵ1𝒩,0)∫

q(ϵ1𝒩,ϵ2𝒩)

q(ϵ1𝒩,0)
𝒟[q(ϵ1𝒩, t2)]e

i
ℏ ( ∫(ϵ1𝒩,0)

(0,0) L1(t1,0)dt1+ ∫(ϵ1𝒩,ϵ2𝒩)
(ϵ1𝒩,0) L2(ϵ1𝒩,t2)dt2)

(𝒩,0)

Γ ∈ ℬ1

K(1) = ∫
q(ϵ1𝒩,0)

q(0,0)
𝒟[q(t1,0)]∫

∞

−∞
dNq(ϵ1𝒩,0)∫

q(ϵ1𝒩,ϵ2𝒩)

q(ϵ1𝒩,0)
𝒟[q(ϵ1𝒩, t2)]e

i
ℏ ∫Γ∈ℬ1

ℒ



Multi-time propagator (2D)

(0,0)

(𝒩, 𝒩)

K(2) = ∫
q(𝒩,0)

q(0,0)
𝒟[q(t1,0)]∫

∞

−∞
dNq(𝒩,0)∫

q(𝒩,𝒩)

q(𝒩,0)
𝒟[q(𝒩, t2)]e

i
ℏ ( ∫(𝒩,0)

(0,0) L1(t1,0)dt1+ ∫(𝒩,𝒩)
(𝒩,0) L2(𝒩,t2)dt2)

(𝒩,0)
(n1,0)

+
𝒩−1

∑
n1=1

∫
q(n1,0)

q(0,0)
𝒟[q(t1,0)]∫

∞

−∞
dNq(n1,0)∫

q(n1,𝒩)

q(n1,0)
𝒟[q(n1, t2)]∫

∞

−∞
dNq(n1, 𝒩)

× ∫
q(𝒩,𝒩)

q(n1,𝒩)
𝒟[q(t1, 𝒩)]e

i
ℏ ( ∫(n1,0)

(0,0) L1(t1,0)dt1+ ∫(n1,𝒩)
(n1,0) L2(n1,t2)dt2+ ∫(𝒩,𝒩)

(n1,𝒩) L1(t1,𝒩)dt1)

K(1)

Γ ∈ ℬ2

(n1, 𝒩)



Multi-time propagator (2D)

(0,0)

(𝒩, 𝒩)

K(2) =
𝒩

∑
n1=1

∫
q(n1,0)

q(0,0)
𝒟[q(t1,0)]∫

∞

−∞
dNq(n1,0)∫

q(n1,𝒩)

q(n1,0)
𝒟[q(n1, t2)]∫

∞

−∞
dNq(n1, 𝒩)

(𝒩,0)
(n1,0)

× ∫
q(𝒩,𝒩)

q(n1,𝒩)
𝒟[q(t1, 𝒩)]e

i
ℏ ∫{Γ:Γ∈ℬ1∪ℬ2} ℒ

Γ ∈ ℬ1 ∪ ℬ2

(n1, 𝒩)



Multi-time propagator (2D)

(0,0)

(𝒩, 𝒩)

(𝒩, m1)

(n1,0)

Γ ∈ ℬ3

(n1, m1)

K (3) = ∫
q(𝒩,0)

q(0,0)
𝒟[q(t1,0)]∫

∞

−∞
dNq(𝒩,0)∫

q(𝒩,𝒩)

q(𝒩,0)
𝒟[q(𝒩, t2)]e

i
ℏ ( ∫ (𝒩,0)

(0,0) L1dt1+ ∫ (𝒩,𝒩)
(𝒩,0) L2dt2)

+
𝒩−1

∑
n1=1

∫
q(n1,0)

q(0,0)
𝒟[q(t1,0)]∫

∞

−∞
dNq(n1,0)∫

q(n1,N )

q(n1,0)
𝒟[q(n1, t2)]∫

∞

−∞
dNq(n1, 𝒩)

× ∫
q(𝒩,𝒩)

q(n1,𝒩)
𝒟[q(t1, 𝒩)]e

i
ℏ ( ∫ (n1,0)

(0,0) L1dt1+ ∫ (n1,N )
(n1,0) L2dt2+ ∫ (𝒩,𝒩)

(n1,𝒩) L1dt1)

+
𝒩−1

∑
m1=1

𝒩−1

∑
n1=1

∫
q(n1,0)

q(0,0)
𝒟[q(t1,0)]∫

∞

−∞
dNq(n1,0)∫

q(n1,m1)

q(n1,0)
𝒟[q(n1, t2)]

× ∫
∞

−∞
dNq(n1, m1)∫

q(𝒩,m1)

q(n1,m1)
𝒟[q(t1, m1)]∫

∞

−∞
dNq(𝒩, m1)

× ∫
q(𝒩,𝒩)

q(𝒩,m1)
𝒟[q(𝒩, t2)]e

i
ℏ ( ∫ (n1,0)

(0,0) L1dt1+ ∫ (n1,m1)
(n1,0) L2dt2+ ∫ (𝒩,m1)

(n1,m1) L1dt1+ ∫ (𝒩,𝒩)
(𝒩,m1) L2dt2)



Multi-time propagator (2D)

(0,0)

(𝒩, 𝒩)

(𝒩, m1)

(n1,0)

Γ ∈ ℬ1 ∪ ℬ2 ∪ ℬ3

(n1, m1)

K(3) =
𝒩−1

∑
n1=1

𝒩

∑
m1=0

∫
q(n1,0)

q(0,0)
𝒟[q(t1,0)]∫

∞

−∞
dNq(n1,0)∫

q(n1,m1)

q(n1,0)
𝒟[q(n1, t2)]∫

∞

−∞
dNq(n1, m1)

× ∫
q(𝒩,m1)

q(n1,m1)
𝒟[q(t1, m1)]∫

∞

−∞
dNq(𝒩, m1)∫

q(𝒩,𝒩)

q(𝒩,m1)
𝒟[q(𝒩, t2)]e

i
ℏ ∫{Γ:Γ∈ℬ1∪ℬ2∪ℬ3} ℒ



Multi-time propagator (2D)

(0,0)

(𝒩, 𝒩)

(𝒩, m2)

(n1,0)

Γ ∈ ℬ5

(n2, m1)
(n1, m1)

(n2, m2)

K (5) = (∫
q(𝒩,0)

q(0,0)
𝒟[q(t1,0)]∫

∞

−∞
dNq(𝒩,0)∫

q(𝒩,𝒩)

q(𝒩,0)
𝒟[q(𝒩, t2)]

+
𝒩−1

∑
n1=1

∫
q(n1,0)

q(0,0)
𝒟[q(t1,0)]∫

∞

−∞
dNq(n1,0)∫

q(n1,𝒩)

q(n1,0)
𝒟[q(n1, t2)]∫

∞

−∞
dNq(n1, 𝒩)∫

q(𝒩,𝒩)

q(n1,𝒩)
𝒟[q(t1, 𝒩)]

+
𝒩−1

∑
m1=1

𝒩−1

∑
n1=1

∫
q(n1,0)

q(0,0)
𝒟[q(t1,0)]∫

∞

−∞
dNq(n1,0)∫

q(n1,m1)

q(n1,0)
𝒟[q(n1, t2)]∫

∞

−∞
dNq(n1, m1)

× ∫
q(𝒩,m1)

q(n1,m1)
𝒟[q(t1, m1)]∫

∞

−∞
dNq(𝒩, m1)∫

q(𝒩,𝒩)

q(𝒩,m1)
𝒟[q(𝒩, t2)]

+
𝒩−1

∑
n2=n1+1

𝒩−1

∑
m1=1

𝒩−2

∑
n1=1

∫
q(n1,0)

q(0,0)
𝒟[q(t1,0)]∫

∞

−∞
dNq(n1,0)∫

q(n1,m1)

q(n1,0)
𝒟[q(n1, t2)]∫

∞

−∞
dNq(n1, m1)

× ∫
q(n2,m1)

q(n1,m1)
𝒟[q(t1, m2)]∫

∞

−∞
dNq(n2, m1)∫

q(n2,𝒩)

q(n2,m1)
𝒟[q(n2, t2)]∫

∞

−∞
dNq(n2, 𝒩)∫

q(𝒩,𝒩)

q(n2,𝒩)
𝒟[q(t1, 𝒩)]

+
𝒩−1

∑
m2=m1+1

𝒩−1

∑
n2=n1+1

𝒩−2

∑
m1=1

𝒩−2

∑
n1=1

∫
q(n1,0)

q(0,0)
𝒟[q(t1,0)]∫

∞

−∞
dNq(n1,0)∫

q(n1,m1)

q(n1,0)
𝒟[q(n1, t2)]∫

∞

−∞
dNq(n1, m1)

× ∫
q(n2,m1)

q(n1,m1)
𝒟[q(t1, m2)]∫

∞

−∞
dNq(n2, m1)∫

q(n2,m2)

q(n2,m1)
𝒟[q(n2, t2)]∫

∞

−∞
dNq(n2, m2)∫

q(𝒩,m2)

q(n2,m2)
𝒟[q(t1, m2)]

× ∫
∞

−∞
dNq(𝒩, m2)∫

q(𝒩,𝒩)

q(𝒩,m2)
𝒟[q(𝒩, t2)])e

i
ℏ ∫{Γ:Γ∈⋃5

l=1ℬl}
ℒ



Multi-time propagator (2D)

(0,0)

(𝒩, 𝒩)

(𝒩, m2)

(n1,0)

Γ ∈ ℬ1 ∪ ℬ2 ∪ ℬ3 ∪ ℬ4 ∪ ℬ5

(n2, m1)
(n1, m1)

(n2, m2)

K(5) =
𝒩−1

∑
n2=2

𝒩

∑
m2=m1

𝒩

∑
m1=0

∫
q(1,0)

q(0,0)
𝒟[q(t1,0)]∫

∞

−∞
dNq(1,0)∫

q(1,m1)

q(1,0)
𝒟[q(1,t2)]∫

∞

−∞
dNq(1,m1)

× ∫
q(n2,m1)

q(1,m1)
𝒟[q(t1, m1)]∫

∞

−∞
dNq(n2, m1)∫

q(n2,m2)

q(n2,m1)
𝒟[q(n2, t2)]∫

∞

−∞
dNq(n2, m2)

× ∫
q(𝒩,m2)

q(n2,m2)
𝒟[q(t1, m2)]∫

∞

−∞
dNq(𝒩, m2)∫

q(𝒩,𝒩)

q(𝒩,m2)
𝒟[q(𝒩, t2)]e

i
ℏ ∫{Γ:Γ∈⋃5

l=1ℬl}
ℒ



Multi-time propagator (2D)

(0,0)

(𝒩, 𝒩)

Γ ∈ ∪2𝒩−1
l=1 ℬl

K(All) =
𝒩

∑
m𝒩−1≥⋯≥m2≥m1≥0

𝒩mI ∫
q(1,0)

q(0,0)
𝒟[q(t1,0)](

𝒩−1

∏
i=1

∫
∞

−∞
dNq(i, mi−1)∫

q(i,mi)

q(i,mi−1)
𝒟[q(i, t2)]∫

∞

−∞
dNq(i, mi)

× ∫
q(i+1,mi)

q(i,mi)
𝒟[q(t1, mi+1)])∫

∞

−∞
dNq(𝒩, m𝒩−1)∫

q(𝒩,𝒩)

q(𝒩,m𝒩−1)
𝒟[q(𝒩, t2)]e

i
ℏ ∫{Γ:Γ∈⋃2𝒩−1

l=1 ℬl}
ℒ

where .mI = m1m2⋯m𝒩−1



Multi-time propagator (2D)

Employing the symmetry of the lattice, we finally obtain

K(q(t(s′￼′￼)), s′￼′￼; q(t(s′￼)), s′￼) = ∫
q(t(s′￼′￼))

q(t(s′￼))
𝔻[q(t(s)); Γ ∈ ℬ]e

i
ℏ ∫{Γ:Γ∈ℬ} ℒ

where 

∫
q(t(s′￼′￼))

q(t(s′￼))
𝔻[q(t(s)); Γ ∈ ℬ] = lim

𝒩 → ∞
ϵ1,2 → 0

{
𝒩

∑
m𝒩−1≥⋯≥m2≥m1≥0

𝒩mI ∫
q(ϵ1,0)

q(0,0)
𝒟[q(t1,0)](

𝒩−1

∏
i=1

∫
∞

−∞
dNq(iϵ1, mi−1ϵ2)

× ∫
q(iϵ1,miϵ2)

q(iϵ1,mi−1ϵ2)
𝒟[q(iϵ1, t2)]∫

∞

−∞
dNq(iϵ1, miϵ2)∫

q((i+1)ϵ1,miϵ2)

q(iϵ1,miϵ2)
𝒟[q(t1, miϵ2)])

× ∫
q(iϵ1,miϵ2)

q(iϵ1,mi−1ϵ2)
𝒟[q(iϵ1, t2)]∫

∞

−∞
dNq(iϵ1, miϵ2)∫

q((i+1)ϵ1,miϵ2)

q(iϵ1,miϵ2)
𝒟[q(t1, miϵ2)])

+
𝒩

∑
n𝒩−1≥⋯≥n2≥n1≥0

𝒩nI ∫
q(0,ϵ2)

q(0,0)
𝒟[q(0,t2)](

𝒩−1

∏
i=1

∫
∞

−∞
dNq(ni−1ϵ1, iϵ2)

× ∫
q(niϵ1,iϵ2)

q(ni−1ϵ1,iϵ2)
𝒟[q(t1, iϵ2)]∫

∞

−∞
dNq(niϵ1, iϵ2)∫

q(niϵ1,(i+1)ϵ2)

q(niϵ1,iϵ2)
𝒟[q(niϵ1, t2)])

× ∫
∞

−∞
dNq(n𝒩−1ϵ1, 𝒩ϵ2)∫

q(𝒩ϵ1,𝒩ϵ2)

q(n𝒩−1ϵ1,𝒩ϵ2)
𝒟[q(t1, 𝒩ϵ2)]}



Multi-time propagator - semiclassical approximation

Effectively, one can put the propagator as a function of a single time s

K(q(s′￼′￼), s′￼′￼; q(s′￼), s′￼) = ∫
q(s′￼′￼)

q(s′￼)
𝔻[q(s); Γ ∈ ℬ]e

i
ℏ ∫{Γ:Γ∈ℬ} ℒ

Therefore, we have

K(q′￼′￼, s′￼′￼; q′￼, s′￼) = e
i
ℏ S[qc(s)]𝒬(q′￼′￼, s′￼′￼, q′￼, s′￼)[1 + 𝒪(ℏ)]

where  is a classical solution and qc

𝒬(q′￼′￼, s′￼′￼, q′￼, s′￼) = ∫
y(s′￼′￼)=0

y(s′￼)=0
𝔻[y(s); Γ]e

i
2ℏ ∫s′￼′￼

s′￼ dτ ∫s′￼′￼
s′￼ dσ(y(τ) δ2S[qc(s)]

δq(τ)δq(σ) y(σ))

is a smooth function of end points.



We now consider a path  connecting between end 
points  and  on space of time variables. Then what 
we have now is

Γ
t′￼′￼ t′￼

Γ

KΓ(q(t′￼′￼), t′￼′￼; q(t′￼), t′￼) = e
i
ℏ SΓ[qc(t)]𝒬Γ(q′￼′￼, q′￼, t′￼′￼, t′￼)[1 + 𝒪(ℏ)]

where

𝒬Γ(q′￼′￼, q′￼, t′￼′￼, t′￼) = ∫
y(t′￼′￼)=0

y(t′￼)=0
𝒟Γ[y(t)]e

i
2ℏ ∑N

j=1 ∫Γ duj ∫Γ dvj(y(u)
δ2Sj,Γ[qc(t)]
δq(u)δq(v) y(v))

Sj,Γ[q(t)] = ∫Γ
Ljdtj

The function  can be reduced into𝒬Γ

𝒬Γ(q′￼′￼, q′￼, t′￼′￼, t′￼) = det ( i
2πℏ

∂2SΓ[qc(t)]
∂q(t′￼′￼)∂q(t′￼) )

1
2

Multi-time propagator - semiclassical approximation



Theorem: Let  be a set of Lagrangians satisfying the Lagrangian 

c losure re la t ion and  be the Lagrangian 1- form, where 

. On the space of independent variables (time 

variables), the multi-time propagator for any , where  is a family of paths 
connecting between  and , gives equally contribution leading to

{L1, L2, . . . , LN}

ℒ =
N

∑
j=1

Ljdtj

Lj = Lj q, { ∂q
∂tj

; j = 1,2,…, N}; t

Γ ∈ ℬ ℬ
t′￼ t′￼′￼

Integrability

∮ 𝒟C=∂𝒮[q(t)]e i
ℏ ∮C=∂𝒮 ℒ = 𝕀

where  is an arbitrary surface bounded by a contractible loop  on the space of time 
variables, and therefore the multi-time quantum system is integrable.

𝒮 C



Proof: Recalling the multi-time propagator for path Γ

Integrability

KΓ(q(t′￼′￼), t′￼′￼; q(t′￼), t′￼) = e
i
ℏ SΓ[qc(t)]𝒬Γ(q′￼′￼, q′￼, t′￼′￼, t′￼)[1 + 𝒪(ℏ)]

𝒬Γ = det ( i
2πℏ

∂2SΓ[qc(t)]
∂q(t′￼′￼)∂q(t′￼) )

1
2

and for path Γ′￼

KΓ′￼(q(t′￼′￼), t′￼′￼; q(t′￼), t′￼) = e
i
ℏ SΓ′￼[qc(t)]𝒬Γ′￼(q′￼′￼, q′￼, t′￼′￼, t′￼)[1 + 𝒪(ℏ)]

𝒬Γ′￼= det ( i
2πℏ

∂2SΓ′￼[qc(t)]
∂q(t′￼′￼)∂q(t′￼) )

1
2

The closure relation for the classical Lagrangian 1-forms  provides
ℒc

SΓ[qc(t)] − SΓ′￼[qc(t)] = (∫Γ
− ∫Γ′￼) ℒc = ∮C=∂𝒮

ℒc = ∬𝒮

N

∑
k≥1

N

∑
l=1 ( ∂Ll

∂tk
−

∂Lk

∂tl ) dtk ∧ dtl = 0

which is nothing but the path independent feature on independent variables space. Here  
is an arbitrary surface bounded by a contractible loop  on the space of time variables. 
Therefore,  and consequently we have

𝒮
C

𝒬Γ = 𝒬Γ′￼

KΓ(q(t′￼′￼), t′￼′￼; q(t′￼), t′￼) = KΓ′￼(q(t′￼′￼), t′￼′￼; q(t′￼), t′￼)



For a contractible loop  on space of time variable, the propagator can be captured asC = ∂𝒮

Integrability

KC=∂𝒮 = lim
(t′￼−t̃)→0 ∫

∞

−∞
dNq′￼′￼∫

∞

−∞
dNq′￼det (( i

2πℏ )
2 ∂2SΓ[qc(t)]

∂q(t′￼′￼)∂q(t′￼)
∂2(−SΓ′￼[qc(t)])

∂q(t′￼′￼)∂q(t̃) )
1
2

e
i
ℏ ( ∫t′￼′￼

t′￼,Γ − ∫t′￼′￼
t̃,Γ′￼)ℒc .

Then we write
Sc[q′￼, q′￼′￼] =: ∫

t′￼′￼

t′￼
ℒc

Sc[q̃, q′￼′￼] =: ∫
t′￼′￼

t̃
ℒc

Dropping out the subscripts  and  because of path independent feature, we obtainΓ Γ′￼

lim
(t′￼−t̃)→0 (∫

t′￼′￼

t′￼
− ∫

t′￼′￼

t̃ ) ℒc = lim
(t′￼−t̃)→0

N

∑
i=1

Sc[q′￼, q′￼′￼] − Sc[q̃, q′￼′￼]
q̃i − q′￼i

(q̃i − q′￼i) = −
∂Sc

∂q̃
⋅ (q̃ − q′￼) .

Therefore, we have

KC=∂𝒮 = ( 1
2π )

N

∫
∞

−∞
dNq′￼∫

∞

−∞
dN ( 1

ℏ
∂Sc

∂q̃ ) e− i
ℏ

∂Sc
∂q̃ ⋅(q̃−q′￼) = ∫

∞

−∞
dNq′￼δN(q̃ − q′￼) = 𝕀



To verify the idea, we shall explore a simplest example: two-time harmonic oscillators, see 
Kings and Nijhoff.


    and    , 


where  and  are constant.


The quantity that we need to focus on is 





Therefore, we have


.

L1 =
1
2 ( ∂q

∂t1 )
2

−
ω2

1q2

2
L2 =

1
2 ( ∂q

∂t2 )
2

−
ω2

2q2

2

q(t1, t2) = (q1(t1, t2), q2(t2, t2)) ω1,2

i
2ℏ

2

∑
j=1

∫Γ
duj ∫Γ

dvj (y(u)
δ2Sj,Γ[qc(t)]
δq(u)δq(v)

y(v)) =
i

2ℏ ∫Γ
dt1 [( ∂y

∂t1 )
2

− ω2
1y2] + dt2 [( ∂y

∂t2 )
2

− ω2
2y2]

𝒬Γ = ∫
y(T1,T2)=0

y(0,0)=0
𝒟Γ[y(t1, t2)]e

i
2ℏ ( ∫(T1,0)

(0,0) dt1[( ∂y
∂t1 )

2
− ω2

1y2] + ∫(T1,T2)
(T1,0) dt2[( ∂y

∂t2 )
2

− ω2
2y2])

Example



Example

The whole exponent term of the equation  can be written as








      .

QΓ

∫
(T1,0)

(0,0)
dt1 [( ∂y

∂t1 )
2

− ω2
1y2] + ∫

(T1,T2)

(T1,0)
dt2 [( ∂y

∂t2 )
2

− ω2
2y2]

= ∫
(T1,0)

(0,0)
dt1y [−( ∂

∂t1 )
2

− ω2
1] y + y(T1,0)

∂y(T1,0)
∂t1

+∫
(T1,T2)

(T1,0)
dt2y [−( ∂

∂t2 )
2

− ω2
2] y − y(T1,0)

∂y(T1,0)
∂t2



Example

ΓA

(0,0) (T1,0)

(T1, T2)
For this particular path, we find that





where  and it is not difficult to show that the 

orthonormality condition holds


 .

y(t1, t2) = ∑
n

anyn,A(t1, t2) = ∑
n

an
2
T1

sin ( nπ
T1

t1) cos ( nπ
T2

t2) +
2
T2

sin ( nπ
T2

t2) cos ( nπ
T1

t1)

0 ≤ t1,2 ≤ T1,2

∫
(T1,0)

(0,0)
dt1yn,Aym,A = ∫

(T1,T2)

(T1,0)
dt2yn,Aym,A = δnm

Then, the  function becomes


.

QΓ

𝒬ΓA
= ∫ 𝒟[an]e

i
2ℏ ∑n |an|

2(−ω2
1 − ω2

2 + ( nπ
T1 )

2
+ ( nπ

T2 )
2)



Example

ΓB

(0,0)

(0,T2)

(T1, T2)
For this particular path, we can still use





where .

y(t1, t2) = ∑
n

anyn,A(t1, t2) = ∑
n

an
2
T1

sin ( nπ
T1

t1) cos ( nπ
T2

t2) +
2
T2

sin ( nπ
T2

t2) cos ( nπ
T1

t1)

0 ≤ t1,2 ≤ T1,2

Then, the  function becomes


.

QΓ

𝒬ΓB
= ∫ 𝒟[an]e

i
2ℏ ∑n |an|

2(−ω2
1 − ω2

2 + ( nπ
T1 )

2
+ ( nπ

T2 )
2)



Example

ΓC

(0,0)

(τ, T2)

(T1, T2)
For this particular path, the fluctuation  is





y

y(t1, t2) = ∑
n

anyn,C(t1, t2) =
∑n an

2
T1

sin ( nπ
T1

t1) cos ( nπ
T2

t2) ; (t1 ≤ τ at t2 = 0) ∪ (t1 ≥ τ at t2 = T2)

∑n an
2
T1

cos ( nπ
τ t1) sin ( nπ

T2
t2) ; (t2 ∈ [0,T2] at t1 = τ)

Then, the  function becomes


.

QΓ

𝒬ΓC
= ∫ 𝒟[an]e

i
2ℏ ∑n |an|

2(−ω2
1 − ω2

2 + ( nπ
T1 )

2
+ ( nπ

T2 )
2)

(τ,0)



Example

ΓC

(0,0)

(τ, T2)

(T1, T2)

(τ,0)

ΓA

(0,0) (T1,0)

(T1, T2)

ΓB

(0,0)

(0,T2)

(T1, T2)

Since  and, with the closure relation, , we have





which is nothing but the path independent feature of the multi-time propagator in case of 
quadratic Lagrangian 1-forms.

𝒬ΓA
= 𝒬ΓB

= 𝒬ΓC
SA = SB = SC

K (q(T1, T2), (T1, T2); q(0,0), (0,0)) = 𝒬Ae
i
ℏ SA[qc] = 𝒬Be

i
ℏ SB[qc] = 𝒬Ce

i
ℏ SC[qc] ,



1) The propagator possessed the path independent feature on the space of time variables 
is the one that comes with a special set of Lagrangians satisfying the closure relation. This 
structure gives us an on top feature of the classical variational principle in the sense that 
this special set of Lagrangians plays a role of critical point resulting path independent 
propagator on the space of independent variables coined as the quantum variation, see 
King and Nijhoff.

Summary



2) The interesting point is that this multi-time propagator comes with a new feature on sum 
over all possible paths. One needs to take into account not only all possible paths on the 
space of dependent variables, but also on the space of independent variables(time 
variables). Of course, this idea is not new and it was first introduced by Nijhoff in 2013*. 
We point at this stage that what we come up for the formula of the continuous multi-time 
propagator in the 1-form case is not the same with Nijhoff's proposal. However, they do 
share the exactly the same interpretation. Moreover, loops will not contribute into the 
propagator as consequence of the theorem.

Summary

*This new perspective of treating the dependent and independent variables on the same equal footing was suggested in many places, see Atkinson and Rovelli, see further 
discussion in King’s thesis.

King and Nijhoff



Summary

Speculation: The propagator for each Lagrangian in the hierarchy can be expressed in the 

form [*]





where


 .


[*] Kazuyuki Jujit, 2011, “Beyond the Gaussian”, SIGMA, 7, 022. 

Kj(q( . . . , tj(s′￼′￼), . . . ), s′￼′￼; q( . . . , tj(s′￼), . . . ), s′￼) = ∫
q(...,tj(s′￼),...)

q(...,tj(s′￼′￼),...)
𝒟[q( . . . , tj(s), . . . )]e

i
ℏ S[q(...,tj(s′￼),...)]

S[q( . . . , tj(s′￼), . . . )] = ∫
t′￼′￼j

t′￼j

dtjLj

3) Beyond the quadratic cases ?

Different from the quadratic ones
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