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Motivation

> A novel and general framework to carry out periodic
reductions on discrete Lagrangian multiforms

» Reduce discrete 2-forms to discrete 1-forms

» In future work this framework will find novel 1-forms to
generalise work on quantum multiforms and path integrals!

P> This elevates periodic discrete integrable equations to the
Lagrangian (multiform) level

» Note a connection has been made before between discrete
1-forms and 2-forms in the case of Toda-type systems?
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Discrete Quad Equations

» | focus on (multicomponent) discrete quad equations,
although the framework should generalise

» We consider a 4D square lattice

v

Some discrete field u(np, ng, nr, ns) where ny, ng,n;,ns € Z

» p,q,r,s are the labels of complex lattice parameters
associated with each direction

» Shift operator T;
Tou = up, = u(np + 1, ng, nr, ng)
Tqu = uqg = u(np,ng + 1, nr, ng)

» Quad equations are partial difference equations
Qpq(u, up, Ug, tpg) =0
» Defined on the four corners of a square



Multidimensional Consistency (MDC)

» Given Initial Data v, up, ug, u,
» One can then use three equations to calculate each of
Upg, Ugrs Upr

» Then any method to calculate upgr must be consistent
» ie. shifts commute T, T, T = T,T;T, = TT4T,

Up

Qpq(u, Up, tg, tpg) =0
Qqr(u, uq, ur, ugr) =0
Qrp(u, ur, up, up) =0
T+ Qpg = Qpq(ur, Upr, Ugr, Upgr) = 0
TpQqr = Qqr(up; Upg, Upr; Upgr) =0

TqQmp = Qrp(ug; Ugr, Upg, Upgr) =0




The Multiform Structure of Discrete 2-Forms

» A quad surface o := {ojj};j in a N-dimensional lattice

» Each quad oj; is associated with a Lagrangian £;; and a quad
equation @

» An action summing discrete Lagrangians over a quad surface

A[u(npa ng, N, ns)a U] = Z E,’j

gij€o
» Variational principle where action is minimised by v and
unaffected by o

» Encapsulates multidimensionally consistent (MDC) quad eqns



Definition for Discrete (Quad) 2-Form

» The 2-form structure can be viewed as behaviour of
Lagrangians on cubes

> Let {i7.j7 k} E {p7 q7 r’ S}

Lij: (u,uj, up, ujji,j)— C
Cubejx = Ljj — TWLijj + Ljx — TiLlj + Lii — T;Ly

» If u satisfies associated MDC Quad equations then cubic
closure and Euler-Lagrange equations vanish

Cubejx =0
QU(“) Ui,”j,”ij),ij,Qk,‘ =0 — ijk

Tk Qij, TiQjk, TjQii = 0 8C08rnel’CUbeUk =0



Definition for Discrete 1-Form

» Ordinary difference equations Q;(u, u;) with commuting flows
» Each edge I'; in the path has a corresponding Lagrangian £;

> The 1-form action acts on discrete paths I

.
. J_|_|J Alu(np, ng, ny, ns), T := Z Lj

L.T rJ'GO'
» Path Independence about behaviour of Lagrangians on squares
L;:(u,uj;j)—C
Square,, =L, — TsL, — Ls+ T, Ls

TrLs

Qr(u,urr),Qs =0 Square,, =0
TrQSa TsQr =0

Lr -TsL,r

Square,, =0
O corner e s




Periodic Reductions

» 2D periodic staircase Z with period N
» Along the staircase we have T1--- Ty =1

» Example Staircase below

Z=Au, Tou, TqTpu, -+, (TpTy--- Tq)u}
» Relabelling map z from (u) to staircase variables (uz,--- , uy)

z2Z={uw,u,-,uny} 2T, =T,z 2Ts=Tsz

Z ur ..




Multiform Reduction Framework

» 4D quad surface 0 =T x Z, represented in 3D
» Made from 2D Periodic Staircase Z
» Made from 2D 1-form path I

Al—Form[Ul ctup, r] = ZA2—Form[U, I x 5]



Multiform Reduction Framework

» Edge in [ associated with multicomponent 1-form Lagrangian

» Relabelled sums of N single-component 2-form Lagrangians

ﬁr(uh ceeun, Trug, oo 7_rUN) = Z(ﬁpr + Tpﬁqr + TquEqr + -

N Lagrangians
‘CS(U]J ceyun, Tsug, -y TSUN) = Z(['ps + Tpﬁqs + Tq Tpﬁqs + -




Multiform Reduction Framework

» Square closure and Euler-Lagrange equations are relabelled
sums of cubes
» End faces of cuboid equal and opposite sign

N cubes
Square,, = z (Cubeps + TpCubegs + T4 Tp,Cubegrs + - - °)
0
acomequuarers =z B corner (Cubeprs + T,Cubegrs + Tq TpCubegrs + - -



Start with pdKdV 2-Form

» Apply the periodic sequence to dpKdV 2-form
Lij=(Tu— Tju)u— (i — ) In(Tiu— Tju)

Tq S Uq i
T
Ar P Us Uy ;

j2 — 2 Uz M
- r

Qj=(u—uy)+7—+ =

! uj L S Trug
\ "T,; uy Tr us

) In( ) ZLp
q-— r)In(us — Trur) ZTpLygr
) In( ) ZTqTpLp
) In( ) ZTpTqTpLyr



Periodic Multiform Reduction of dpKdV

» The Lagrangians are larger but are multicomponent

» The single-component 2-form equations have similar form to
the multicomponent 1-form equations

pP2—r? p?_¢?
——Cubeprs = upr — ups + —
Oup Up — U Up — Us
p?— r? p? — 2

0
s T T _
Oup quarers ri2 sti2 + up— Trur up— T




Periodic Multiform Reduction of dpKdV

» Periodic reduction leads to 16 KdV-like equations on edges
» Implicit commuting maps (u1, vz, us, us) — T,(u1, U, us, us)
and (u1, u2, us, ug) — Ts(u1, U2, U3, ug)
1)
Qr ' (u1, uo, Trur, Trun) = 2Qp(u, Up, Uy, tpr; p,r) =0
2)
up, uz, Trup, 7—r’~’3) = ZTqur =0

M
2
Q£3 (u3, ua, Truz, Trus) =2TgTpQpr =0
Al
(1)

D)

QW U4,u1,TU4,Tu1) = 2T, Ty TpQqr =0
1)

S QS ) 5(3)> Q§4)a TSQI‘ T Q(4) = 0

Square,, =0

Square,, =0

O corner



Multiform Reduction Framework

» Square closure and Euler-Lagrange equations are relabelled
sums of cubes
» End faces of cuboid equal and opposite sign

N terms
Square,, = z (Cubeps + TpCubegs + T4 Tp,Cubegrs + - - °)
0
acomequuarers =z B corner (Cubeprs + T,Cubegrs + Tq TpCubegrs + - -



Periodic Multiform Reduction of Gel'fand Dikii N=4
» Multicomponent Gel'fand Dikii N=4 quad 2-form
» 5 Quad equations with 5 components (u, v, w, x,y)
» Quad Lagrangian contains only 3 components (u, v, w)
Lij=(*—i*) log(i —j + uj — uy)
+ polynomial(u, u;, uj, ujj, vi, vj, vij, w; i, j)
> We omit many details and just note dependencies for brevity

» Take i,j, k € {p,q,r,s} and let shifted equations also vanish
1 ..
Q,(j M, u, uy, ug, vig, woxg v, J) =0,
(2) ) =
QU (Ui,u_j;Vi,VjavljaXinjyI,_/)_0, CUbeUkIO
3 ..
QI(J-)(U,',UJ',U,'J‘,V,',VJ';I,_]):0, —
(4) ) Cube,Jk =0
QU (uivuj7W7Wi7M/jayi7_)/j;i7.j):07 corner

5 .
Q,(j )(u, uj, uj, wi, wj; i, j) =0



Periodic Multiform Reduction of Gel'fand Dikii N=4

» The periodic reduction leads to 10 Gel'fand Dikii-like
equations on each edge of the square

» Implicit commuting maps T, and Ts on
(u1, up, vi, va, Wi, Wo, X1, X2, Y1, Y2)

Lr=2(Lpr + TpLyr) Ls =2(Lps + TpLys)

11 .
I( )(ula uz, Tru17 Tru27 Trv27 wi, Ter) =
1
ZQ,(,,)(U, Up, Ur, Upr, Vpr, W, Xpr, ¥i P, ) = 0
1,2 5,2
i .08 =0

s RN

Square,, =0

/\':‘ e = 0 Square,, = 0
% ¢ uar =
L O corner q r




Concluding Remarks

» Framework is natural and elevates periodic reductions onto
the multiform level

» In future work strong form equations will arise from 1-form

» Variable transformations needed to avoid degenerate Poisson
brackets

» This framework produces a wealth of novel 1-Form structures

» Combining the 2-form MDC structure and periodic staircase
in 4D is a key insight

» Perpendicular flows are fundamental and can be reduced to
simpler flows in plane of the staircase



