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(1) Summary of

curves, spherical curves
in Euclidean 3-space and

in Minkowski 3-space.
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Preliminaries-Curves

Let x(s) : | — E3 be a regular space
curve in Euclidean 3-space E?
parameterized by its arc length s.
Denote by {«a(s), 5(s), 7(s)} the Frenet
frame field along x(s), that is, a(s) is the
tangent vector field, 5(s) the normal
vector field and ~(s) the binormal vector
field of x(s), respectively.
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Preliminaries-Curves

The Frenet formulas are given by

) = a(s)= r(s)B(S),
Zﬁ—@ = B(s)= —~(S)a(s) + 7(s)¥(8),
Sl = 3(8)=~7(s)5(s).
(1)
Where k(s) and 7(s) are the curvature
function and torsion function of the
curve x(s) in E3.
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Q Preliminaries-Curves

If x(s) is a spherical curve, by a
translation in E3 if necessary, we may
assume that (x(s), x(s)) = (x, x) = a°.
Here a > O is constantand ( . )
denotes the standard inner product of
E3. Without loss of generality we may
assume that a = 1.
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Q Preliminaries-Curves

Let a(s) := x(s) and y(s) := a(s) x x(s),
here x denotes the vector product of
two vectors in E3. Then a(s), x(s) and
y(s) form an orthonormal basis along
the curve x(s) in E3. We call {a(s),
x(s), y(s)} the spherical Frenet frame of
spherical curve x(s) in E3.
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Preliminaries-Curves

Then there exists a function x4(s) such

that
( da(s)
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Preliminaries-Curves

We call x4(s) spherical curvature
function of the spherical curve x(s) in
[E3. For the spherical curve x(s), the
curvature function «(s), torsion function
7(S) and spherical curvature function
rg(S) satisfy

k(S)= /1 + K2,

B = (3)
m(8)= 1+ mg'
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Preliminaries-Curves

Let x : | — 3 be a regular space curve
in Euclidean 3-space E3. If the position
vector of the curve x always lies in its
rectifying plane, the curve x is called a
rectifying curve.
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Q Preliminaries-Curves

The curvature function x(s) and torsion
function 7(s) of the rectifying curve x(s)

with the arc length parameter s satisfy

7(8)/k(s) =as+ b

for some constants a +# 0 and b.
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Q Preliminaries-Curves

The position vector field x(s) of the

rectifying curve can be written as

x(t) = (asec t)xp(t),

where xy(t) is a spherical curve with the
arc length parameter t in E3, ais
constant ([C]).
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Cone curves

Let x : | — Q2 C E3 be a regular
spacelike curve in a two dimensional
lightlike cone Q? of the Minkowski
3-space E3 with arc length parameter s.

Putting (x(s) = £X))
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Cone curves

Using a(s) = x(s) we know that
{x(s), a(s), y(s)} forms an asymptotic
orthonormal frame along the curve x(s)
in E$, and the cone Frenet formulas of
x(s) are given by ([LIU-Curves])

x(s)= a(s),

{ i(5)= rg(8)x(s) — ¥(s),  (5)
y(8)= —rg(8)a(s).
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Q Cone curves

We call x4(s) cone curvature function of

the cone curve x(s) in Q2 C E3.

Remark
We use the same function x4 to denote

the spherical curvature function of the
spherical curve in Euclidean space and
the cone curvature function of the cone
curve in Minkowski space.
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0 Preliminaries a Lemma

We need the following lemma of the
solutions for the second order linear

differential equations
(see [P-Z], 0.2.1-1, p21).
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Q Preliminaries a Lemma

Let fi(s) be any nontrivial partial

solution of the equation
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Preliminaries a Lemma

e 1
h(s) = f 7ds, N= [ —ds (7)
1
is also the nontrivial solution of (6) and
fi(s) and f>(s) are a fundamental
system of solutions of (6). That is, the

solutions of (6) can be written as
f(s) = c1fi(S) + caha(S),

where ¢, and ¢. are arbitrary constants.
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(2) Theories of

Centroaffine curves

in affine n-space.
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Centroaffine curves

In this section we define centroaffine arc
length parameter and curvature
functions of a curve immersion in an
affine space.
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Q Centroaffine curves

Let x = x(t) : | — A" be a curve
immersion in an affine (n+ 1)-space
A" with arbitrary parameter t, where |
is areal intervaland|[ , ..., ]the
standard determinant in A™'. Without
loss of generality we may assume that O
lies in I.
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0 Centroaffine curves

For a parameter transformation of
x(t) = x(o), o = o(t), by a direct
calculation we have

o — d_x B )_(d_a B dx do
dt dt  do dt’
X~ do 2+).(d20
N dt dt2’
K (do\* k—1) (k-2 ,
xoo - P (d—(;> + mod ((x),(x ),M,X)'
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Centroaffine curves
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Centroaffine curves

We always assume that the curve x is
centroaffine regular, that is

X', x", ..., x™ x] #£0.
And the condition

(X', x", ... x" x"1 £ 0

means that x is proper or non
degenerated in A”+1
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Centroaffine curves

From (8) and (9) we get

x' . x" ... x(n x(nt1)
XX . J d™ (10)
[x', x" ... x(N x]
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Q Centroaffine curves

Therefore by (10) we know that

ds — e’dt (11)
(X', x", ..., x(") x(n+1)] o

(X', x”, ..., x("N x]

is global defined (no dependent on the
choose of the parameter) and invariant
under centroaffine transformations.
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‘ Centroaffine curves

Putting o = —t we know that (10) is also
true. But the signs of dt"*! and

X (8), X" (1), - . ., x\D(8), x(FHD(1)]
X (0), x"(D), - -, x(2), x(1)]

can be the same and also can be
different. Therefore the right side of the
equation (11) is depended on the sign
of the parameter t.
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Centroaffine curves

Let x = x(s) : 1 — A" be a curve
immersion in an affine (n + 1)-space
A™1 with a parameter s. If

X', x", ..., x\") x(n+1)]

Y

(X', x" ..., x(" x]

—e=41, (12)

the parameter s is called centroaffine
arc length parameter of the curve x(s).
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Centroaffine curves

For the convenience, putting e; = X/,

e =x",...,e,=x", we have

X = kie1 + ko€ + -+ + Kpn + £X,
(13)
e==21andfor1 <i<n,

_ [e1,...,e,-_1,x(”+1),e,-+1,...,en,x]

Rj =
[617"'7ei—1aeiaei+17"'7enaxl14)
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Centroaffine curves

Let x = x(s) : 1 — A" be a curve

immersion in an affine (n + 1)-space
A" with the centroaffine arc length
parameter s. The function (s) defined

by (14) is called i-th centroaffine

curvature function of the curve x(s).
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Q Centroaffine curves

The functions k;(s), i > 2 can also be
called (i — 1)-th centroaffine torsion
functions of the curve x(s).

From (14) we know that

ki(—8) = (=1)™ " ki(s).  (15)
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0 Centroaffine curves

If k, = 0, s is also equiaffine arc length
([L-S-4], [S-S-V]) since

[e1,€2,...,€n, Eni1]
= ¢leq, e2,...,6n,X] = £1

gives

[917927---7en—1aen+1ax] = 0.
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(3) Centroaffine curves

in affine 2-space.
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Curves in affine 2-space

At first we consider the centroaffine
curves in affine 2-space A?. For the
centroaffine curve x = x(s) : | — A2,

from (14) we have

~ e2, x]  [x", x]
B [61,X] - [Xlax] .
Then (13) becomes

K1 (S) (1 6)

X'— kX' —ex=0, e=+1. (17)

NEU, Department of Mathematics, $uili  Liu (



Q Curves in affine 2-space
Therefore we have the following

(1) If k1 = a = constant, solving x" — ax’ —ex = 0 we get

(@) x(s) = Crexp (&52s) + Coexp (252s), for \2 = @ + 4= > 0;

(b) x(s) = exp (3as) (Ci cos (3As) + Czsin (3As)), for

N =g +4e< 0, Cy, G EAZ;

(c) x(s) = exp (}as) (Cis + Co), for @ = —4e, Cy, Co € A2

(2) If k1 = —s, solving x" + sx’ —ex = 0 we have

(a) x(s) = exp (—25?) (C1 + Co [ exp (35?) ds), fore = -1, Cy,

Cz S AZ,

(b) X(s) = Cis+ Co [exp (—38%) + s [exp (—4s?) ds], fore =1, Cy,
G e A2,

(8) If k1 = s, solving x"” — sx’ — ex = 0 we have

(a) x(s) = Cis+ Ca|—exp (35%) + s [ exp (35?) ds], fore = -1, Cy,
C2 S Az;

(b) x(s) = exp (35?) (C1 + Co [exp (—1s?)), fore =1, Cy, Co € A%
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Q Curves in affine 2-space

Proof.

(1) x” — ax’ — ex = 0 is a linear differential equation of
second order with constant coefficients.

(2a) For x” + sx' + x = (x’' + sx)’ = 0, then X’ + sx =0
gives x = C; exp (—15?).

(2b) The function x(s) = s is a exact solution of the
equation x” 4+ sx’ — x = 0.

(3a) The function x(s) = s is a exact solution of the
equation x” — sx’ + x = 0.

(8b) For x” —sx’ — x = (x’ —sx)' =0,then X’ —sx =0
gives x = Cy exp (35?).

Then with Lemma 2 we obtain the conclusion of this
theorem.

]
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Curves in affine 2-space

The centroaffine arc length parameter of

a curve x Is also the Euclidean arc
length parameter if and only if the
Euclidean curvature function x of x

satisfies

or
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Curves in affine 2-space

(logk)’ + k2 +e=0.
Therefore,

k=1 and = -1,

or

dx
+ =S+¢cp (18
//-4;\/01—/-4;2—25log/<; 2hiS)

where ¢y and ¢, are integral constants.
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Curves in affine 2-space

Assume that the centroaffine arc length parameter s of the curve x(s) is also the Euclidean arc length parameter.
From (12) we have

X', x"'] = [, kB] = elx’, x] = e[, A,

that is
K = gla, X].
Then
k' =ela’, X] + e[a, X'] = er[B, X],
" ’ ’ ’ / 2
k" =en [B,x] +en[B, X] +erlB, x'] = er[B, X] — er”[a, x] + ek[B, a].
Therefore
A = (nl)2n71 _ HS — ek,
or
(log )" + w2 +e=0.
If k' = 0, we know that e = —1, k(s) = 1 is the solution of (23). When ' # 0, we have

’ "o_ 2 w' _ ’ '
2(log k) (log k)" = —2(k° +&)— = —2kK' —2e—.
K K

dw
i/— =5+0
Y ky\Jer — K2 — 2¢log K

where ¢y and ¢, are integral constants.

(19)

(20)

(21)

(22)
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(4) Centroaffine curves

in affine 3-space.
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Curves in affine 3-space

In this section we consider centroaffine
curve x = x(s) : | — A3 with the
centroaffine arc length s in the affine

3-space. From (14) we have

B [63,62,X] g (S)

k1 (S) = > b= Al
( ) [617627)(]7 [617927)(]
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’ Curves in affine 3-space

If the curvature functions x+(s) and
r2(S) satisfy

k1(S) : k2(8) = constant # 0,
or

k2(S) : k1(8) = constant # O,
then we can get

X" =ax" + bx' +ex, a,bcR. (25)
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0 Curves in affine 3-space

According to the solutions of the cubic

equation

P _aff —bf—c=0 (26)

we have the following conclusion.
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Curves in affine 3-space

The centroaffine curve x(s) with aix1(8) + axk2(s) = 0,

aia, # 0, a;, a € R, can be written as one or an open

part of the following

(a) x(s) = e*(1,s,s?), A # 0 is the triple real root of (26);

(b) x(8) = (&%, et®, 5e0%), \g # 1o, Aojio # 0, o is the
simple real root of (26), 1o is the double real root of
(26);

(c) x(8) = (€8, eMs, e5), \oA1 A2 # 0, X, A1, \2 are the
three simple real roots of (26);

(d) x(8) = (e, e"°¢cos 1S, €15 8in 11pS), Nop1jiz2 # O,
w1, 2 € R, Ao is the simple real root of (26), 11 =+ iue
are the two complex roots of (26).
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Curves in affine 3-space

The centroaffine curve x(s) with
constant centroaffine curvature r1(S)
and constant centroaffine torsion r»(S)

can be written as one of the curves

given by Theorem 8.
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Q Curves in affine 3-space

When the centroaffine curve x(s) has
constant centroaffine curvature and
constant centroaffine torsion, x(s)
satisfies (25) for a = k> and b = k.

[]
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Curves in affine 3-space

In the following, we discuss some
special centroaffine curves in affine
3-space A3. At first, the centroaffine
curvature functions satisfy x1(s) = £s,
k2(8) = 0. We consider the following
cases.
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Curves in affine 3-space

Case one: sy = ¢S.
In this case (13) becomes

X" —esx' —ex=0, e==+1.
X"—esx=C, e=+1, CeAs
The solutions of f/ — esf =0 are

f=sZ, (/ﬁ%s% |
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’ Curves in affine 3-space
Where Z,(s) is the cylinder function

Z,=cCid, +cY,, ci,cc€R (27)

and J,(s) is the Bessel function of the first kind

k( )1/+2k
Ji(8) = Z klr(u + Kk + 1)' (28)

Y,(8) is the Bessel function of the second kind

J,(s)cosvm — J_ (s)

Y, (S) =
(S) sinvm

(29)
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0 Curves in affine 3-space

A solution of

f" — esf = cs, c; €R (30)

B W, Wa
fo = U/st+ V/st (31)

= —cocsu/vds+coc3v/uds

= —CyC3 <u/vds— v/uds).
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Curves in affine 3-space

Where ¢y € R, u and v are the fundamental solutions of
ax(s)f"(s) + ai(s)f'(s) + ao(s)f(s) = " —esf =0; (32)

0 v
c; VvV

u v
RV

W= W, —

W(u, v) = W(u(sp), v(so)) exp (— /s all )ds) =c, .
(cf. [P-Z], 0.2.1-6, p22)
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Curves in affine 3-space

Let x = x(s) : | — A3 be a regular curve with the
centroaffine arc length s and curvature functions

k1(S) = €8, ka(S) = 0 in the affine 3-space A3. Then the
curve x can be written as the following

x(s) = Cify + CoRe {\/EZ; (i\/Egsg) } (33)
+Cslm {\/Ez; (i\/Egsg) } ,

where Cy, Co, C3 € A% and fy(s) is a solution of (30) given
by (31).
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Curves in affine 3-space

Case two: x1 = —¢S.
In this case (13) becomes
X" +esx' —ex =0, e=41.
Thus one of the solutions is s and
111

X" +esx" =0, e==+1.

The solutions of // + esf = 0 are

- sz, (:F s)

N
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Curves in affine 3-space

Therefore we have

Let x = x(s) : | — A® be a regular curve with the
centroaffine arc length s and curvature functions

rk1(S) = —es, K2(S) = 0 in the affine 3-space A3. Then the
curve x(s) can be written as the following

Cis + CoRe / { / {\/Ez; <I\/—_5§s>] ds} ds  (34)

o { v (34

where C1, Cg, Cs e A3,
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Q Curves in affine 3-space

The centroaffine arc length parameter of

the curves given in Theorem 10 and

Theorem 11 is also equiaffine arc length
parameter.
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(5) Curves

in Euclidean 3-space.
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C in Euclidean 3-space

Let x = x(s) : | — A3 be a regular curve
with the centroaffine arc length s in the
affine 3-space A3. We consider also A?®
as the Euclidean 3-space with the
standard inner product.
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C in Euclidean 3-space

If the centroaffine arc length parameter
is also the Euclidean arc length
parameter of the curve x(s), we have

X-v = ert, ¢&==1,
(ekT)

X-f = =t
X -a = 5724—5((&7)/) :
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Q C in Euclidean 3-space

Therefore, the centroaffine arc length
parameter is also the Euclidean arc
length parameter, if and only if

!

§ = S ery = (gw) A (‘*”)')) (35)

T K T
or

e = 277 +[(logk)" + x?(logkT)  (36)

i

+(log <)’ (log x7)" + (log k7)™
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Q C in Euclidean 3-space

Let x = x(s) : | — A3 be a regular curve

with the centroaffine arc length s in the
affine 3-space A3. Then s is also the
Euclidean arc length parameter of the
curve x(8) if and only if the curvature
function x(s) and torsion function 7(s) of
x(s) satisfy (35) or (36).
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C in Euclidean 3-space

In the following we give two examples of
the solutions of (35) or (36).
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C in Euclidean 3-space

Let x(s) be a regular curve with the
Euclidean arc length parameter s and
the curvature function x(s) = as 2,
torsion function 7(S) = +1/S = £9/S,

eo = *1,a> 0. Then from [C] we know
that the curve is the rectifying curve. It
Is easy to check that x(s) and 7(s) are

solutions of equation (36) fore = 1.
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C in Euclidean 3-space

As the curve in Euclidean space, using

Frenet formulas, by a direct calculation
we have

1 1
XM — __S—1X/// 4+ (_8—2 _ 328_1 _ S)X”
2 2
+ats ex.

On the other hand, from (24) we have

1
K1 =—a8 —s, Ko = —53‘1. (37)
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Q C in Euclidean 3-space

Then (13) becomes

"

;
sx" + —x" + (s + &)x' —sx =0. (38)

2

Therefore, using the characterization of
the rectifying curve, x can be written as

X(t) = —2 ()

cost
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‘ C in Euclidean 3-space

br = (cos® t)rg,
where kg Is the spherical curvature

function of xo(t). The tangent vector «
of x and tangent vector o of xy satisfy

a = (sint)xp + (cos t)ap.

The spherical curve xy(t) satisfies

/
KR
X'+ (1 + K5)x5 — R—z(x{,’ + X0) = 0.
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C in Euclidean 3-space

We now consider a spherical curve x(s)

in Euclidean space with the Euclidean

arc length parameter s and spherical

curvature function ky(s).
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C in Euclidean 3-space

For ky = cky, that is kg = €°°, we have

kK = 4/1+K5=V1+ 655

+ry teess
T = = .
1+k5 14 €%

They are also the solutions of (36). The
curve is a spherical curve with the
spherical curvature function kg = €°°.
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’ C in Euclidean 3-space

And from (24) we have

y

K1 = —(1 + lig)
= —(1+e~9),
S L A )
Ko = _J = E.
\ g

Then (13) becomes

X" —ex" + (14 €*5)x' —ex =0. (40)
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(6) Curves

in lightlike cone

of Minkowski 3-space.
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Curves in lightlike cone

Let x = x(s) : | — A3 be a regular curve
with the centroaffine arc length s in the
affine 3-space A3. We consider A® also
as the Minkowski 3-space with the
standard Minkowski inner product.
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Curves in lightlike cone

If x is also a cone curve in MinkowskKi

3-space, from (11) we have

ds = e’dspy, = (;a;’g)%dsm,

where s, is the arc length parameter of
cone curves in Minkowski 3-space.
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o Curves in lightlike cone

The centroaffine arc length parameter is
also the (affine) arc length parameter of

cone curve if and only if

li,g — constant.

Cone curvature function
kg(S) = s = £8, s is also equiaffine
and centroaffine arc length parameter.
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Q Curves in lightlike cone

When the case k4 = €8, from the

structure equations of cone curve we
have

X" —2esx' —ex =0, e==+1.

The centroaffine curvature k1 = 2k4 and
the centroaffine torsion x> = 0.
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Curves in lightlike cone

Solving this equation we have (see
[P-Z], 3.1.2-2.48, p499)

X = C1U? + Couv + C3Vv2,
Ci, Co, C3 € A3 and x can be written as
x = (U? = v2 2uv, U? + v?).
Where u and v are the solutions of

2f" —esf = 0.
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Curves in lightlike cone

The cylinder function Z,(s) is defined by
(27). Bessel function of the first kind
J,(8s) is defined by (28). Bessel function
of the second kind Y, (s) is defined by
(29).
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Curves in lightlike cone

Therefore we get

Let x = x(s) : | — A3 be a regular curve
with the centroaffine arc length s,
centroaffine curvature function k1 = 2¢S

and torsion function ko = 0 in the affine

3-space A3.
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Q Curves in lightlike cone

Then it is a cone curve in Minkowski
3-space with the arc length parameter s
and can be written as

x = (U° — v32uv,u? +v?)  (41)

> (42)

and where

u(s)+iv(s) = \/EZ% ( \f\/——s

Njw
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0 Curves in lightlike cone

When k4 = as,? we have
ds = (bsy)~'dsp, that is €S = s, here
b—3 = —2a. Then from (24), we have
k1(8) = 2ab® — 2b%,
ka(s) = 3b. (43)

Therefore from (13) we have

— 3bx" — (2ab® — 2b*)x' — ex = 0.

NEU, Department of Mathematics, $uili  Liu (



Curves in lightlike cone

The solutions of this equation can be

written as (see also [LIU-Curves])

X(s) = Cisp+ Cosiy V1120 1 Cosly V12 (44)
_ C1 ebs + Czeb(1+\/1+23)s + Cseb(1—\/1+2a)s

for a > —%, where Cy, C,, C; € A3,

NEU, Department of Mathematics, $uili  Liu (



o Curves in lightlike cone

X(S) = CiSn+ Cospy sm[(\/ﬂa) log Sm]
+C35mcos[(vV—1 —2a) log sp] (45)
= Cie% + Cyesin[b(v/—1 — 2a)s]
+C3e% cos[b(v/—1 — 2a)s]

for a < —3, where Cy, Co, C3 € A%, and

x(s) = Cism+ CaSplog sy, + Cssmlog®s,  (46)
= Cye" + Cy(bs)e’ + Cs(bs)?e’®

for a= —3, where C1, C,, C; € AS.
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0 Curves in lightlike cone

The curves (44), (45) and (46) can be
written as (see [Liu-1], [L-M])

bs

X = Z_C(ebcs o e—bcs,2’ ebcs + e—b03)7 (47)
_ ssin(cbs) 2 cbs, c, _, cbs
X = 20 (Ctan( 5 )—2tan ( 5 ),2, (48)

2 cbs, ¢, _, .cbs
E tan(T) + E tan ( )),

2

bse’* ¢  bs c bs
- (E_?’ ' bs —). (49)

X

NEU, Department of Mathematics, $uili  Liu (



Curves in lightlike cone

Let x = x(s) : | — A3 be a regular curve
with the centroaffine arc length s,
centroaffine curvature function

k1 = 2ab® — 2b? and torsion function

ko = 3b in the affine 3-space A3. Then it
can be written as (47), (48) or (49) and
Is a cone curve in Minkowski 3-space.

NEU, Department of Mathematics, $uili = Liu (



The centroaffine arc length parameter of
a curve x in affine 2-space A? is also
the Minkowski arc length parameter if
and only if the Minkowski curvature
function r of x satisfies

(logr)' — K2 +e=0

for the spacelike curve and also timelike
curve.

NEU, Department of Mathematics, $Huili  Ciu (#/45 2)



The centroaffine arc length parameter of a curve
x in affine 3-space A3 is also the Minkowski arc
length parameter if and only if the Minkowski
curvature function  and torsion function T of x
satisfies

e = =277 +[(log k)" + x%](log x7)" (50)
+(log ) (log x7)" + (log x7)"

for the first kind of spacelike curve;

NEU, Department of Mathematics, $Huili  Liu (



e = =277 +[(logk)” — Kk?](log kT) (51)

"

+(log <)’ (log x7)" + (log k)
for the second kind of spacelike curve;
e = 277 +[(logk)” — k?](log k7)) (52)

n

+(log <)’ (log x7)" + (log xk7)".

for the timelike curve;

e = =21 — (k1) + (I{—> (53)

for the null curve.

NEU, Department of Mathematics, $uili  Liu (



Paper and Preprint

[1] Huili Liu, Curves in affine and
Semi-Euclidean spaces, Results in
Mathematics, 65(2014), 235-249.

[2] Centroaffine curves in affine space.

Preprint.

END
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e Curves in de Sitter space or
hyperbolic space;

e Curves in space forms;
o curves and surfaces;

o relations between curves and
surfaces;
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Thant you for your attention!
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