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Quantified Boolean Formulas

B Syntax
IiteraILs clause
FrIyVuIz.(-uV 2) Ay VuV -z) A (zV —uV -z)
—
prefix propositional matrix in CNF
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Quantified Boolean Formulas

B Syntax
IiteraILs clause
FzIyVuIz.(—uV2)A(yVuV -2) A (zV —uV —z)
—
prefix propositional matrix in CNF

B Semantics

O VzQ.p true & Q.p(z] and Q.p[—x] true
O 3zQ.¢p true & Q.p[z] or Q.p[—x] true
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Quantified Boolean Formulas

B Syntax
IiteraILs clause
FzIyVuIz.(—uV2)A(yVuV -2) A (zV —uV —z)
—
prefix propositional matrix in CNF

B Semantics

O VzQ.p true & Q.p(z] and Q.p[—x] true
O 3zQ.¢p true & Q.p[z] or Q.p[—x] true

Note: prefix imposes ordering z,y < u < z
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QBF Semantics

B V2 Q.p satisfiable < Q.p[z] and Q.p[—z] satisfiable
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QBF Semantics

B V2 Q.p satisfiable < Q.p[z] and Q.p[—z] satisfiable
B 32Q.¢ satisfiable < Q.p[z] or Q.p[—z] satisfiable
B Example:

VaIy.(z V —y) A (mz V y)
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QBF Semantics

B V2 Q.p satisfiable < Q.p[z] and Q.p[—z] satisfiable
B 32Q.¢ satisfiable < Q.p[z] or Q.p[—z] satisfiable
B Example:
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QBF Models

Tree model of true formula:

VzIy.(z Vy) A (T Vy)
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QBF Models

Tree model of true formula:

VzIy.(z Vy) A (T Vy)

Skolem-functions of 3-variables:

Jy(x) =
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QBF Models

Tree model of true formula:

VzIy.(z Vy) A (T Vy)

Skolem-functions of 3-variables:
Jy(x) =

JXU

Tree refutation of false formula:

IVz.(xVy) A(ZTVy)

Herbrand-functions of V-variables:



Symmetries

A symmetry o for a QBF Q11 ... Qnzxn.¢ has the following properties:

B o is a bijective function mapping literals of ¢ to literals of ¢

B o(l)=0()
B if applied on all literal occurrences of ¢, then ¢ = o ()

B the variables of [, () belong to the same quantifier block

Example
Q.p =Vady.((z Vy) A (ZVY))

has the symmetry
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Symmetry Example: KBFK-Formulas

For n € N, the formula KBKF,, is defined by the prefix

Jr1y1Vaidzay2Vas . .. JznynVan3zi ... 2n

and the following clauses:

BC=(T1VH)

B forj=1,...,n—1:
Coj = (x5 V a; vV Tjt1 VY1)
Cojr1=(y; Va; VZi1 V§ir).

BCo=(aVa,Va V...V 2,
Cont1=WYnVanVZ1 V...V Zy)

B forj=1,...,n:
Byj—1 = (a;j V z;) and Baj = (a; V z;).
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Symmetry Example: KBFK-Formulas

For n € N, the formula KBKF,, is defined by the prefix
Jr1y1Vaidzay2Vas . .. JznynVan3zi ... 2n

and the following clauses:

BC=(T1VH)

B forj=1,...,n—1:
Coj = (2 Va; VZjt1Vyjr1)
Cojr1=(y; Va; VZj1Vyji). Symmetry:

BCo=@ Vi, VE V...V Z), oi = (@i yi) (T §i) (ai a:)
Cont1=WnVa, VZ1 V...V Zy)

B forj=1,...,n:
Byj—1 = (a; V z;) and Baj = (a; V zj).
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Symmetry Example: Parity Formulas

For n € N with n > 1, the formula QPARITY , is defined by the prefix
dz1...xxVady2 ... yn

and the following clauses:

.Agz(fl\/fz\/gQ) 1'1\/ZEQV:172)
By = (Z1 V2 V2 TV o V)

- 561\/52\/]/2)

DQ:(.Tl \/$2Vy2 (x1\/x2\/172)

=(

) = (

02:($1Vi’2\/y2) (
)

=(

=

=(

Bforj=3,...,n Y2V T3 Vi)
Aj = (U-1V T; V) Y2 V3V ys3)
Bj = (yj—1Vx; V) Y2 VT3 Vys)
Cy = (Y- V&; Vy;) D3 = (y2 Va3V ¥s)
Dj = (yj—1Vx; V) = (aVys)

B E = (aVyn) and Ez = (aV yn) E2:(a\/§3)

Symmetries: 01 = (z1 2)(Z1 Z2) and
i = (x; Ti)(a a)(y; i)+ (yn yn) forevery i =2,....n
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Resolution for QBF

Let Q. be a QBF. The Q-Res calculus consists of the following rules:

Resolution Rule (R):
Civz, CoVzr iR Ci1 Vv (O, C1V z,Cy V T already derived
x is existential
Universal Reduction (U):
pvi % D D Vv [ already derived
l is universal
for all existential literals k € D: k <l

QBF Q.¢ is false < The empty clause can be derived by the rules of Q-Res

Example: 32Vy.((z Vy) A (T V 7))
xVy L T
I
TVy — T
x, T L €

JXU 713



Overview: Solving Approaches for QBF

Q-Resolution

e s Expansion Interference
[Kleine Biining, Karpinski, Flégel, 95] [Beyersdorff, Chew, Janota, 14] [Heule, Seid, Biere, 14]
HEEN EEER
I r
- n
Y 8
m QCDCL B CEGAR B Preprocessing

B no short proofs for QPARITY and KBKF in Q-Res
B short proofs for KBKF in extensions of Q-Res

B short proofs for QPARITY in V-Exp+Res
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The Symmetry Rule: Q-Res+S

Let Q. be a QBF. The Q-Res calculus consists of the following rules:

Resolution Rule (R):
Civa, CoVi —5 C1V (O, C1V 2, C3 V T already derived

T is existential

Universal Reduction (U):
pvi % D D V1 already derived
[ is universal

for all existential literals k€ D: k <1
Symmetry Rule (S):
E, o - o(E) C' already derived

o is a symmetry
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Properties of the Symmetry Rule

B QBF Q.p is false &
The empty clause can be derived by the rules of Q-Res+S

O Observation 1: if clause C' can be derived by C1, C2 i C,
then o(C) can be derived by o(C1), o(C2) R, a(C)
O Observation 2: if clause D can be derived by D1 L D, then o(D) can
be derived by o(D1) — o(D)
O Observation 3: if E € ¢, then o(E) € ¢
Example 3zVy.((z Vy) A (T V 7))
with symmetry o(z) = Z,0(Z) = z,0(y) = 9,0(y) = yz

U
rVYy — T
z, 0 - Z instead of oz Vy) = o(x)zx
T, T -5 €
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Properties of the Symmetry Rule

B QBF Q.p is false &
The empty clause can be derived by the rules of Q-Res+S

O Observation 1: if clause C' can be derived by C1, C2 i C,
then o(C) can be derived by o(C1), o(C2) R, a(C)
O Observation 2: if clause D can be derived by D1 L D, then o(D) can
be derived by o(D1) — o(D)
O Observation 3: if E € ¢, then o(E) € ¢
Example 3zVy.((z Vy) A (T V 7))
with symmetry o(z) = Z,0(Z) = z,0(y) = 9,0(y) = yz

U
rVYy — T
z, 0 - Z instead of oz Vy) = o(x)zx
T, T -5 €

W shorter proofs!
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Example: QPARITY,

3x1m2$3Va3y2 ... Y3

y2)
By = (331 V xo V yg)
Cy = (acl V T2 \/yz)
Dy = (z1 V2V 42)
Az = (§2V T3V ¥3)
Bs = (92 V x3 V y3)
Cs = (y2V T3V ys3)
D3 = (y2 Va3V ys)
Ey = (aVys)
Ey = (aViys)

Symmetries:

o1 = (z1 x2)(ZT1 T2)

o2 = (w2 T2)(a a)(y2 ¥2)(ys Us)
o3 = (3 73)(a a)(y3 ¥3)
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Example: QPARITY,

3x1m2$3Va3y2 ... Y3
aVys, Ds RiN aViys Vs

A = (Z1 VT2 V 42)
By = (fl V x2 \/yg)
Cy = (acl V x2 V yz)
Dy = (z1 V2V 42)
Az = (Y2 V T3 V ¥3)
Bz = (’gg V T3 \/yg)
Cs = (y2V T3V ys3)
D3 = (y2 Va3V ys)
Ei1 = (aVys)

FE> = ((_1 \Y gg)

Symmetries:

o1 = (z1 x2)(ZT1 T2)

o2 = (w2 T2)(a a)(y2 ¥2)(ys Us)
o3 = (3 73)(a a)(y3 ¥3)
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Example: QPARITY,

3x1m2$3Va3y2 ... Y3
aVys, Ds RiN aViys Vs

Az = (21 V 22V §2) aVy2Vaxs, Do LN aVxiVreVTs
By = (fl V x2 \/yg)
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Example: QPARITY,

3x1m2$3Va3y2 ... Y3
aVys, Ds —R—> aViys Vs

As = (21 VT2V §2) aVya Vo3, Dy -5 aVa VasVas
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03—(1/2\/53\/3/3)
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3x1m2$3Va3y2 ... Y3
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( _
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Example: QPARITY,
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Hindering the Symmetry Rule

For n € N, the formula KBKF, is defined by the prefix

Jx1Vu Iy Var e Vus Jy2Vas - . . Jz,Vu, Yy, Va, 321 . .

and the following clauses:

BC=(T1VH)

B forj=1,...,n—1:
Coj = (2 V a5 VZjp1VYj1Vu,)
Cajr1=(y; Va; VvV Zi1 Vgi).

B Co=(@nVa,VZ1 V...V ZVu,),
Cont1=WYnVanVZ1 V...V Zy)

B forj=1,...,n:
Byj—1 = (aj V z;) and Baj = (a; V z;).
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Hindering the Symmetry Rule

For n € N, the formula KBKF, is defined by the prefix
Jz1Vu1 I Vai e Vus Jy2Vas - . . Az, Vu, Yy Var 321 . .. 2

and the following clauses:
BC = (T1Vi)
B forj=1,...,n—1:
Coj = (z; Va; V Tjg1 V Pig1Vu )
Cojrr = (Y5 V a; VT Vi)
B Co=(@nVa,VZ1 V...V ZVu,),
Cont1=WYnVanVZi V...V Z,)

oi = (@ ¥:)(@: ¥i)(ai @)
are no symmetries

B forj=1,...,n:
Boj_1 = (aj V Zj) and By; = (a,j \/Zj).
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Hindering the Symmetry Rule

For n € N, the formula KBKF, is defined by the prefix
Jz1Vu1 I Vai e Vus Jy2Vas - . . Az, Vu, Yy Var 321 . .. 2
and the following clauses:
BC =1V gl)

B forj=1,...,n—1:
Coj = (2 V a5 VZjp1VYj1Vu,)

oi = (@ ¥:)(@: ¥i)(ai @)
are no symmetries

Cojr1 = (Y5 V aj Vi1 V Y1) = S is not applicable
B Co=(TnVanVZiV...VZ,VUy),
Cony1=(YnVan Va1 V...V Zy) = no short proof in

W forj=1,...,n Q-Res+S

Boj_1 = (aj V Zj) and By; = (a,j \Y Zj).
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Conclusion

B Q-Res+S extends classical QBF resolution with the symmetry rule
B Q-Res+S has short proofs on some hard formulas

B S is very sensitive to formula structure
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Conclusion

B Q-Res+S extends classical QBF resolution with the symmetry rule
B Q-Res+S has short proofs on some hard formulas

B S is very sensitive to formula structure

Future Work

B practical application in solving
B consider independence of variables

B add S to other proof systems than Q-Res
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