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Importance of 3D Conformation

• Gene regulation:

• co-localization of co-expressed genes 
into transcription factories

• positioning of distal control elements

• Translocations / gene fusions: 

• 20% of human cancer morbidity

• 3D structure “probably pivotal’’



Observing / Inferring 3D Structure

• Challenging at even modest 
resolutions:

• genomes are highly condensed

• genomes are dynamic, variable

• traditional assays are low throughput 
and low resolution (FISH coarse)

• Recently devised suite of Chromatin 
Conformation Capture techniques has 
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Figure 1. We Used In Situ Hi-C to Map over 15 Billion Chromatin Contacts across Nine Cell Types in Human and Mouse, Achieving 1 kb
Resolution in Human Lymphoblastoid Cells
(A) During in situ Hi-C, DNA-DNA proximity ligation is performed in intact nuclei.

(B) Contact matrices from chromosome 14: the whole chromosome, at 500 kb resolution (top); 86–96 Mb/50 kb resolution (middle); 94–95 Mb/5 kb resolution

(bottom). Left: GM12878, primary experiment; Right: biological replicate. The 1D regions corresponding to a contact matrix are indicated in the diagrams above

and at left. The intensity of each pixel represents the normalized number of contacts between a pair of loci. Maximum intensity is indicated in the lower left of each

panel.

(C) We compare our map of chromosome 7 in GM12878 (last column) to earlier Hi-Cmaps: Lieberman-Aiden et al. (2009), Kalhor et al. (2012), and Jin et al. (2013).

(D) Overview of features revealed by our Hi-C maps. Top: the long-range contact pattern of a locus (left) indicates its nuclear neighborhood (right). We detect at

least six subcompartments, each bearing a distinctive pattern of epigenetic features. Middle: squares of enhanced contact frequency along the diagonal (left)

indicate the presence of small domains of condensed chromatin, whose median length is 185 kb (right). Bottom: peaks in the contact map (left) indicate the

presence of loops (right). These loops tend to lie at domain boundaries and bind CTCF in a convergent orientation.

See also Figure S1, Data S1, I–II, and Tables S1 and S2.
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Performed using large – ⇠ 106 – cell populations
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Output: Contact / Interaction Maps
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Figure 2 | Validation of the assay. a, Graph showing an inverse relationship
between interaction frequency and genomic distance (20 kb or larger,
excluding self-ligations and adjacent ligations) separating interacting
restriction fragments (either HindIII or EcoRI) in each of four experimental
but none of five control libraries. Note, the five lines representing the five
control libraries are very close to each other. H-Mp, HindIII-MspI; H-Me,
HindIII-MseI; E-Mp, EcoRI-MspI and E-Me, EcoRI-MseI library. b, The
fraction of instances that each HindIII site along chromosome I (chr I) was
engaged in an intra-chromosomal interaction was highly correlated between
two independently derived experimental H-Mp (HindIII-MspI) libraries
(designatedA andB, left panel) but was not correlated between experimental
and non-cross linked control H-Mp libraries (right panel). c, Two-
dimensional heat maps demonstrating broad reproducibility of interaction
patterns within chromosome I for two independently derived H-Mp
libraries (H-Mp-A and the equivalent sequence depth of H-Mp-B, H-Mp-
B1). The chromosomal positions of mappable (green hatches) and un-

mappable (black hatches) HindIII fragments are indicated. The binary
interaction matrix of all interactions with an FDR threshold of 1% has been
smoothed with a Gaussian of width 3 kb. d, High degree of correlation
between absolute interaction frequencies as determined by our method
(symbols) versus relative interaction frequencies as determined by
conventional 3C using cross-linked (dark grey bars) and uncross-linked
(light grey bars) libraries. Results for 10 potential long-range intra-
chromosomal interactions are depicted, of which 6 passed (circles) and 4 did
not pass (triangles) an FDR threshold of 1%. Error bars denote standard
deviations over three experiments. Interaction sites are as follows. A, Chr III
position 11811; B, chr III position 290056; C, chr III position 15939; D, chr
III position 314440; E, chr I position 26147; F, chr I position 191604; G, chr I
position 204567; H, chr VI position 12007; I, chr VI position 243206; J, chr
VI position 249743; K, chr II position 238203; L, chr II position 502988; M,
chr II position 512024; N, chr IV position 236977;O, chr IV position 447899;
P, chr IV position 239805; Q, chr IV position 461284.
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Figure 3 | Folding patterns of chromosomes.
Chromosomes III (a, b) and XII (c, d) are shown.
Theheatmaps(a,c)andCircosdiagrams(b,d)were
generated using the intra-chromosomal
interactions identified from theHindIII libraries at
anFDRthresholdof1%. In theheatmaps (a, c), the
chromosomal positions of centromeres (dashed
pink lines), telomeres (pink hatches), mappable
(green hatches) and un-mappable (black hatches)
HindIII fragments are indicated. Circos diagrams
(b, d) depict each chromosome as a circle. Each arc
connects two HindIII fragments and represents a
distinct interaction. The shade of each arc, from
very light grey to black, is proportional to the
negative log of the P-value of the interaction. The
chromosomal positions of centromeres (red
rectangles), telomeres (red coloured areas), tRNA
genes (blue outer hatches), mappable (green inner
hatches) and un-mappable (black inner hatches)
HindIII fragments are indicated. Black outer
hatches and numbers mark genomic positions.
Note that the two ends of chromosome XII
(c, d) exhibit extensive local interactions, but very
little interaction with each other. Separating the
ends of chromosome XII are 100–200 rDNA
repeats, of which only two copies are depicted here
(from coordinates 450 to 470 kb). Additional heat
maps andCircosdiagrams for all chromosomes are
shown in Supplementary Fig. 8.
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Also inter-chromosomal maps.
Resolution determined by binning.



 From Contacts to 3D Structure

• Objective: given contact matrix C, obtain a 
3D structure (or an ensemble thereof) the 
between-loci pairwise distances of which 
recapitulate corresponding contact counts.

• Many reconstruction algorithms advanced. 

• Despite assumptions, uncertainties added 
value derives from inferring 3D architecture:

• In part derives from super-posing genome 
attributes on the reconstruction. 



3D P. falciparum : 
Overlaid Expression

control, we prepared a sample for which chromatin contacts were
not preserved by cross-linking of DNA and proteins.

We evaluated the quality of the resulting data for each sample.
First, we confirmed that the contact probability between two in-
trachromosomal loci exhibits a log-linear decay with increasing
genomic distance (Fig. 1B; Supplemental Fig. 1). Second, we ob-
tained lower numbers of interchromosomal contacts from cross-
linked samples relative to both random expectation and our con-
trol sample (Supplemental Table 1). Third, we observed that the
percentage of long-range contacts (either interchromosomal or
intrachromosomal >20 kb) was significantly higher than control
and comparable to the numbers observed in yeast (Duan et al.
2010; Supplemental Table 1). Together, these results indicated that
we successfully assayed the P. falciparum genome architecture with
a high signal-to-noise ratio. We then coalesced the mapped read
pairs into a raw contact count matrix at 10-kb resolution, and we
corrected for potential technical and experimental biases (Fig. 1C;
Supplemental Fig. 2; Imakaev et al. 2012). The resulting normal-
ized contact maps were used to identify a subset of high-confi-
dence contacts for each stage (Methods; Supplemental Note 2;
Supplemental File 2; Ay et al. 2014). We identified pairs of genes
that show evidence of stage-specific contacts (Methods) and
then applied gene set enrichment analysis to the set of genes
that participate in such contacts. This analysis identified signif-
icant enrichment of VRSM genes for the ring and trophozoite
stages (Supplemental Table 2). This observation suggests that
the proximity between some VRSM clusters changes from the
ring to trophozoite stages, even though
both stages show overall colocalization
of VRSM clusters. A similar enrichment
analysis conducted using contacts that
are specific to two out of three stages
resulted in no significant enrichment
due to the small number of genes in-
volved in such contacts.

Normalized contact count and con-
fidence score matrices exhibit a canonical
‘‘X’’ shape, indicative of a folded chro-
mosome architecture anchored at the
centromere, as previously observed in
yeast (Duan et al. 2010; Tanizawa et al.
2010) and the bacterium C. crescentus
(Fig. 1C,D; Supplemental Fig. 3; Umbarger
et al. 2011). However, chromosomes
that harbor nonsubtelomeric clusters of
genes involved in antigenic variation
and immune evasion (Supplemental
File 3) (VRSM genes: var, rifin, stevor and
Pfmc-2tm)—chromosomes 4, 6, 7, 8, and
12—exhibit additional folding structure
(Fig. 1C,D; Supplemental Fig. 3).

Three-dimensional modeling
recapitulates known organizational
principles of Plasmodium genome

To better characterize the genome ar-
chitecture, we generated 100 consensus
3D structures for each stage, each of
which summarizes the population av-
erage (Fig. 2A; Methods), using multi-
dimensional scaling (MDS) with two

primary constraints (Duan et al. 2010): (1) the DNA must lie within
a sphere with a specified diameter (Bannister et al. 2005; Weiner
et al. 2011), and (2) adjacent 10-kb loci must not be separated by
more than 91 nm (Bystricky et al. 2004). P. falciparum undergoes an
atypical form of cell division, resulting in schizont stage parasites
with multiple independent nuclei, each containing 1n chromo-
somes. Note that our model assumes that a single copy of each
chromosome is present in each structure, thus averaging the signal
from these multiple nuclei per cell.

We performed a series of experiments to assess the robustness
of our 3D inference procedure. Our results showed only slight
changes in the inferred 3D models when we varied the param-
eter used in conversion of contact counts to expected distances
(Supplemental Table 3). This was also true when we removed from
the inference the two types of spatial constraints related to nuclear
volume and to distances between adjacent beads (Supplemental
Table 4). Finally, our experiments on the impact of the initializa-
tion step (Methods) showed that structures inferred from different
initial configurations are highly similar (Supplemental Fig. 4), do
not fall into discrete clusters (Supplemental Fig. 5) and all such
structures exhibit common organizational hallmarks (Supple-
mental Fig. 6). Because of the stability of our inference procedure,
hereafter we generally present and discuss the results for only one
representative structure per stage.

Although the modeling procedure contains no explicit con-
straints on telomere or centromere locations, we observe strong
colocalization of both sets of loci across all three stages (Fig. 2A;

Figure 2. 3D modeling and validation with DNA FISH. (A) 3D structures of all three stages. The
nuclear radii used to model ring, trophozoite, and schizont stages were 350, 850, and 425 nm, re-
spectively. Centromeres and telomeres are indicated with light-blue and white spheres, respectively.
Midpoints of VRSM gene clusters are shown with green spheres. (B) Validation of colocalization between
a pair of interchromosomal loci with VRSM genes (chr7: 550,000–560,000 that harbors internal VRSM
genes and chr8: 40,000–50,000 that harbors subtelomeric VRSM genes) by DNA FISH (left) and by the
three-dimensional model for the corresponding stage (right). The location of the loci in the 3D model is
shown with light-blue spheres and indicated by black arrows. (C ) Validation same as in B for a pair of
interchromosomal loci that harbor no VRSM genes (chr7: 810,000–820,000 and chr11: 820,000–
830,000).

Ay et al.
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(cluster 3) were also strongly enriched, indicating that the re-
pression of these genes during the asexual erythrocytic cell cycle
may be related to their localization within the nucleus. Finally, for
GO terms related to parasite invasion (rhoptry, myosin complex,
motor activity; Q-value < 0.1) and for the cluster of invasion genes
(cluster 15), we observed an enrichment relative to the second
KCCA component, suggesting that expression of invasion genes
may also be regulated by the 3D genome structure (Supplemental
Tables 11, 12).

Discussion
This study presents the first analysis of genome architecture during
the cell cycle of a eukaryotic pathogen. Overall, our data demon-
strate that the genome of P. falciparum exhibits a higher degree of
organization than the similarly sized budding yeast genome. Al-
though localization of chromosomes within the P. falciparum nu-

cleus is partially dictated by size constraints, the simple volume
exclusion model observed in yeast is insufficient to explain the 3D
architecture of the P. falciparum genome. In particular, a striking
spatial complexity is added by clusters of virulence genes, which
function as critical structural elements that shape the genome ar-
chitecture. Furthermore, our model correlates well with expression
levels of parasite-specific gene sets and shows strong clustering of
repressed genes and highly transcribed rDNA units, indicative of
a nonrandom genomic organization that contributes to gene reg-
ulation during the asexual erythrocytic cycle. Considering the
strong association between nuclear architecture and gene expres-
sion as well as the observed domain-like structures, Plasmodium
species may be excellent model organisms to study the impact
of genome structure on gene regulation. The lower complexity
of genome organization in organisms with similarly sized ge-
nomes, such as yeast, may indeed be less informative for such
investigations.

Figure 6. Relationship between 3D architecture and gene expression. (A) Correlation between expression profiles of pairs of interchromosomal genes as
a function of number of contacts linking the two genes. To generate this plot, all interchromosomal gene pairs are first sorted in increasing order of their
expression correlation and then binned into 20 equal width quantiles (fifth, 10th, . . ., 100th). For each bin, the average expression correlation between
gene pairs (x-axis) and the average normalized contact count linking the genes in each pair together with its standard error (y-axis) are computed and
plotted. Interchromosomal gene pairs that have contact counts within the top 20% for each stage have more highly correlated expression profiles than the
remaining gene pairs (Wilcoxon rank-sum test, P-values 2.48 3 10!206 [ring], 0 [trophozoite], and 0 [schizont]). (B) Correlation between expression
profiles of pairs of interchromosomal genes as a function of 3D distance between the genes. This plot is generated similarly to A but using 3D distances
instead of contact counts (y-axis). In order to summarize results from multiple 3D structures per each stage, we plot the median value among 100
structures with a red line and shade the region corresponding to the interval between the fifth and 95th percentile with gray. Interchromosomal gene
pairs closer than 20% of the nuclear diameter have more highly correlated expression profiles than genes that are far apart (Wilcoxon rank-sum test,
P-values 7.17 3 10!221 [ring], 0 [trophozoite], and 1.57 3 10!88 [schizont]). (C ) Gene expression as a function of distance to telomeres. To generate this
plot all genes are first sorted by increasing distance to the centroid of telomeres (x-axis) and then binned similar to A into 20 equal width quantiles. The
average log expression value (Bunnik et al. 2013) together with its standard error (y-axis) is plotted for genes in each bin. In order to summarize results from
multiple 3D structures per each stage, we plot the median value among 100 structures with a red line and shade the region corresponding to the interval
between fifth and 95th percentile with gray. Genes that lie within 20% of the nuclear diameter to the centroid of the telomeres showed significantly lower
expression levels (Wilcoxon rank-sum test, P-values 1.54 3 10!12 [ring], 1.69 3 10!32 [trophozoite], 3.37 3 10!20 [schizont]). (D) First KCCA expression
profile component score, corresponding to the projection of the gene expression profile onto the extracted KCCA profile for the trophozoite stage.

Genome architecture of the P. falciparum genome
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Can demonstrate expression-  
telomere distance gradient.
But what about detecting 
focal regions : 3D hotspots ?

 Yeast with ChIP-Seq Overlays 

Swi6

Pol2Ser5p Tup1

3D S. cerevisiae : 
Overlaid ChIP-Seq

swi6_minbeads25_box18 
 
3 regions from 3 chromosomes 

chrII:  251 kB – 252 kB    (3 beads) 
chrVIII:  114 kB -  124 kB    (21 beads)  
chrXIII:  259 kB – 270 kB    (21 beads) 

chrII 

chrVIII 

FLR1 
fungicide transporter 
(fungicide) 

SOD2 
superoxide dismutase 
(reactive oxygen ROS) 

chrXIII 
GLO1 
glyoxylase 
(methylglyoxal MG) 



 Optimization / Consensus Methods
• Generally utilize two steps:

• convert C into a distance matrix D that 
captures expected pairwise distances

• differing assumptions; 

• sometimes interplay with second step 

• learn / estimate 3D structure from D 

• multi-dimensional scaling (MDS) criteria

• weights, non-metric, constraints, ...

• algorithms include SA, IPO, SDE, MM...

D / C�↵; ↵ > 0
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  Distances to 3D Structure
• Minimize objective function that places (as 

much as possible) interacting loci at their 
expected distance apart (MDS):
min

{xi,xj2R3}

X

{i,j|Dij<1}

!ij · (kxi � xjk �Dij)2

•  Penalty:

•  Non-interacting loci cannot be too close

⌧
X

{i,j|Dij=1}

kxi � xjk2
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  Constraints and Contiguity
• Many biological constraints can be imposed:

• Yeast: centromere clustering, 1um sphere. 

• Constraints are difficult to specify; cell-type, 
resolution specific; increase compute burden.

• Malaria: adjacent 10kb loci within 91nm;  
Yeast: adjacent 10kb loci > 30nm.

• Indirect way of imposing contiguity.

• Here we directly prescribe that the solution, 
per chromosome, is a 1D smooth curve.



Principal Curves

Regression Principal Components

Smoothing Principal Curves



Principal Curve Metric Scaling

Genomic coordinates

Goal: 1D curve f in R3 with inner products
between n points on f approximating Cn⇥n.

f(�): vector fn with 3 components; � 1D index.

Want coordinate functions to be smooth wrt �
so we represent each using a spline basis:

fij(�) =
PK

k=1 hik(�)✓kj , j = 1, 2, 3; i = 1, . . . , n

where K is the number of knots ⇠ spline df .
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F = H⇥ where ⇥ is K ⇥ 3 matrix of coe�cients.

WLOG assume H is orthonormal.

Metric scaling problem: min⇥ kC �H⇥⇥
T
H

T k2F .

This is equivalent to min⇥ kHT
CH �⇥⇥

T k2F

which is solved by eigen-decomposition of H
T
CH.
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FIGURE 2.11. Test and training error as a function of model complexity.

be close to f(x0). As k grows, the neighbors are further away, and then
anything can happen.

The variance term is simply the variance of an average here, and de-
creases as the inverse of k. So as k varies, there is a bias–variance tradeoff.

More generally, as the model complexity of our procedure is increased, the
variance tends to increase and the squared bias tends to decrease. The op-
posite behavior occurs as the model complexity is decreased. For k-nearest
neighbors, the model complexity is controlled by k.

Typically we would like to choose our model complexity to trade bias
off with variance in such a way as to minimize the test error. An obvious
estimate of test error is the training error 1

N

∑
i(yi − ŷi)2. Unfortunately

training error is not a good estimate of test error, as it does not properly
account for model complexity.

Figure 2.11 shows the typical behavior of the test and training error, as
model complexity is varied. The training error tends to decrease whenever
we increase the model complexity, that is, whenever we fit the data harder.
However with too much fitting, the model adapts itself too closely to the
training data, and will not generalize well (i.e., have large test error). In
that case the predictions f̂(x0) will have large variance, as reflected in the
last term of expression (2.46). In contrast, if the model is not complex
enough, it will underfit and may have large bias, again resulting in poor
generalization. In Chapter 7 we discuss methods for estimating the test
error of a prediction method, and hence estimating the optimal amount of
model complexity for a given prediction method and training set.

Determining Degrees-of-Freedom



Determining Degrees-of-Freedom

Broken-line / segmented regression: knot / elbow identification 



Assessing Reconstruction Accuracy 

• Challenging in view of absence of gold 
standards

• reproducibility assessment based on 
replicates from differing RE digests

• Use of FISH: compare inter-probe distances

• exceedingly limited due to probe sparsity

• Multiplexed FISH affords new possibilities



Standard FISH: 1Mb Resolution
Random Effect Model for 3D Reconstruction 57

Figure 2. Chromosome 14 analysis results. (a) PRAM 3D rendition of the architecture of chromosome 14 is depicted with
each of the 89 loci marked by a ball, among them positions of L1, L2, L3, and L4 are denoted by the black balls with labels
attached; (b) same as (a) but with the result from PAM; (c) for each locus-pair, the first boxplot is of the FISH-measurements,
the second and third are of the distances predicted by PRAM, and PAM, respectively, and the last one (a single consensus
estimate) is from ShRec3D. This figure appears in color in the electronic version of this article.

in BDIC measures the goodness-of-fit of the model to the
data while the second term penalizes the model complex-
ity, with a better model having a smaller BDIC. For this
dataset, BDIC(PRAM) − BDIC(PAM) is −2868, indicating
that PRAM is indeed preferable to PAM in spite of the in-

crease in model complexity. In other words, the result points
to non-negligible amount of dependency among the observed
pairs and perhaps overdispersion of the counts, and PRAM
appears to be able to capture them and hence lead to greater
consistency with the observed data.

PRAM PAM

Park, Lin Biometrics (2016)



Standard FISH: 1Mb Resolution

Random Effect Model for 3D Reconstruction 57

Figure 2. Chromosome 14 analysis results. (a) PRAM 3D rendition of the architecture of chromosome 14 is depicted with
each of the 89 loci marked by a ball, among them positions of L1, L2, L3, and L4 are denoted by the black balls with labels
attached; (b) same as (a) but with the result from PAM; (c) for each locus-pair, the first boxplot is of the FISH-measurements,
the second and third are of the distances predicted by PRAM, and PAM, respectively, and the last one (a single consensus
estimate) is from ShRec3D. This figure appears in color in the electronic version of this article.

in BDIC measures the goodness-of-fit of the model to the
data while the second term penalizes the model complex-
ity, with a better model having a smaller BDIC. For this
dataset, BDIC(PRAM) − BDIC(PAM) is −2868, indicating
that PRAM is indeed preferable to PAM in spite of the in-

crease in model complexity. In other words, the result points
to non-negligible amount of dependency among the observed
pairs and perhaps overdispersion of the counts, and PRAM
appears to be able to capture them and hence lead to greater
consistency with the observed data.

FISH, PRAM, PAM, ShRec3D



Multiplex FISH: 100kb Resolution

Fig. 1. 
Mapping the spatial organization of the central 100-kb regions of all 34 TADs in 
chromosome 21 (Chr21) of IMR90 cells. (A) A simplified scheme of the imaging approach. 
All primary probes are first hybridized to the targeted chromosome, after which secondary 
probes targeting each TAD are sequentially hybridized to the readout sequences on the 
primary probes, imaged, and then bleached. In each round of secondary hybridization, two 
different secondary probes tagged with dyes of different colors allowed simultaneous 
visualization of two TADs. More details are depicted in fig. S1. (B) Image of an IMR90 cell 
after the primary hybridization (Hyb 0) with primary probes targeting all TADs in Chr21. 
The two bright patches, one marked by a yellow box, correspond to the two copies of Chr21 
in this diploid cell. (C) Images of the yellow-boxed region in (B) after each round of 
secondary hybridization (Hyb 1-17). (D) Positions of the 34 TADs of the chromosome were 
plotted as red dots overlaid on the Hyb 0 image. Scale bars in (B-D): 2 µm. (E) TAD 
positions plotted in 3D. (F) Mean spatial distance matrix for the 34 TADs, with each 
element of the matrix corresponding to the mean spatial distance between a pair of TADs. 
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Multiplex FISH Assessments
• Crucial is existence of numerous replicates

• provides natural referent distribution of 
(R)MSD distances

• necessary in absence of thresholds (as per 
protein folding) or theoretic models

• For IMR90 cells have 111, 120, and 151 
replicates for chromosomes 20, 21 and 22.

• Here evaluate 3D reconstruction obtained via 
PCMS algorithm using IMR90 Hi-C data.



Primary series / Elbow df

Primary series / df = n

Replicate series / Elbow df - - - 

Replicate series / df = n   - - -

chr21 // 50kb
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Alternate algorithm — HSA: primary, replicate, combined



Future Work

• Degrees-of-freedom via cross-validation.

• Alternate bases (e.g. wavelets) or partitioning 
methods to capture hierarchical chromatin 
organization.

• Alternate transformations of C.

• Single-cell Hi-C.
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