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Motivating goal

Mathematical
Institute

‘ Perfusion of cardiac tissue and contact with pericardial sac

Electro-chemical-poromechanical system with an interface
Bidomain equations where conductivity is modified by porosity

Equations of poromechanics with large deformations

Hyperelasticity with fibre-oriented exponential constitutive equations

Numerical realisation (without the interface) already in place,
but no analysis!

Much simpler first step: linear poroelasticity ‘

Eﬁf’h’gmms Ruiz Baier BIRS - Oaxaca Locking-free FEM for poroelasticity 4



Model description

Mathematical
Institute

Waterandair @ Interconnected pore system
both occu . . .
po,espuf! uniformly saturated with fluid
; @ Only two phases: solid
== g (Hooke's law for the skeleton
Ot deform,atlon) and fl.md
zone (Darcy's law for fluid flow)
Groundwater @ Total volume of the pores <<
table
volume of the rock
Water fills . .
Saturated all pore @ Rate (solid deformations) <<
zone spaces .
P rate (fluid flow)
{ A%
¢ Fal @ Total stress is distributed between
™ fluid and solid particles
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Governing equations

Biot consolidation problem

For all t >0, given a body force f(t):Q — R? and a volumetric fluid
source (or sink) s(t): Q — R, find the displacements of the porous
skeleton, u(t): Q — R9 and the pore pressure of the fluid,

p(t) : Q — R, such that

o = A(divu)l+2ue(u) — pl in Q,

—dive =f in Q,

9¢(cop+ o(divu)) — Tlldiv[K(Vp—pg)] =s in Q,
p=0,0on=0 on [p,

u=0,(kVp)-n=0 on .
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Governing equations

Mathematical
Institute

o is the total Cauchy stress

e(u) = 2(Vu+VuT) is the infinitesimal strain tensor

K is the permeability of the porous solid

(0 < Kinf < K(X) < Ksup < )

A, U are the Lamé constants of the solid

co > 0 is the constrained specific storage coefficient
a > 0 is the Biot-Willis parameter

g is the gravity acceleration

n > 0,p > 0 are the viscosity and density of the pore fluid

cop+ o(divu) represents the total fluid content
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Governing equations

Mathematical

Institute

Steady state problem

o = A(divu)l+2ue(u) —pl in Q,

—divo =f in Q,
c0p+06(divu)—;div[K(Vp—pg)] =s in Q,
p=0,0on=0 on Ip,

u=0, (kVp)-n=0 on I,.
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Recall the linear elasticity case

o =A(divu)l+2ue(u), —divo=f inQ, u=0o0nJQ.
Involving pressure (of the solid skeleton):
¢ =—Adivu, o=—¢l+2ue(u) inQ,
—divo=f inQ, u=0 ondQ.

Mixed variational formulation: Find u, s.t.
2/8 T€ —/Ad' :/f- Vv e [H§(Q)]9,
o e(w):e(v)— | odivv = [ F-v Vve[H(Q)]

—/Qq/divu—i/ﬂéw =0 VYyeL?(Q).

‘ Any stable FE pair for Stokes = Locking-free! ‘

Eﬁf’h’gmms Ruiz Baier BIRS - Oaxaca Locking-free FEM for poroelasticity 10



Back to our problem

total pressure ¢ :=p—Adivu in Q,
c= 2ue(u)—ol in Q,

—_———
—divo=f in Q,

1

<cO+jf)p—j‘«p—ndiv[x(vf)—pgn —s e,
p=0,0on=0 on Ip,
u=0, (kxVp)-n=0 on I,.
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Weak formulation

Find u € Hf, (Q), p € Hp (Q) and ¢ € L*(Q), such that
/s(u):e( )—/Qq)divv: F(v)

( i)/quL /KVp ti/QCN): G(q)

) 1 1
—'/Qll/leU‘FX/QP‘V )L/¢>l//— 0,

for all v e H}U(Q), qge H%p(Q) and v € L2(Q). With

v)::/f-v

/qu — (kg -n,q)r, + — /sq
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Weak formulation

Involved spaces
H:= H}U(Q):{veHl(Q): vir, =0}, Z:=12(Q),
Q:= H}p(Q):{qul(Q): q|r, =0}.

Bilinear forms

(u,v) = 2u/ e(u) : e(v)

22(p,q) = < >/pq+ /KVP'VC%
—/nydivv, bg(q,ll/)Zi/qulh c(o,y)= /‘7"/’
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Weak formulation

Find ue H,p€Q,¢ €Z such that

ai(u,v) + bi(v,9)=F(v) VveH,
a(p,q) — b2(q.9)=G(q)  Vq€eQ,
bi(u,y) + bo(p,y) — c(¢,y)= 0 VyeZ
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Stability properties

e Continuity:
|a1(u,v)| <2uCo|ulliallv]ie,

1 K
\az(p,q)lﬁmaX{ o, =0

A oan
1bi(v, v)| < Vnlvivallvloe,
b2(a,¥)| <A lallallvlog:
(¢, ¥)[ <A 9 llosllWllo;

IF(W) < [Iflloallviie;

}HPHLQHQHLQ,

G(a)l <@t (Brauplellon+2runCrlg:nll vor, +lslon) lalia:
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Stability properties

o Positivity:
a1(v,v) >2uCya|lv|q, VveH,

1

a2(q,q) > o~ max{co, Kine1 1} qlI2 o + 2 |qll3 g

c(y,w)=A"vlgg VYweZ

@ Inf-sup:
b
sup V) gyog vyez
veH\0 vl

@ Continuous dependence: If a solution exists, it satisfies

VgeqQ

< GCstap ([Iflloa+llgloa+Ilg-nll-1/2r,+lIslloq)-
==

indep. of A

Oxford
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No Babuska—Brezzi

Our problem

ar(u,v) + bi(v,¢)=F(v) VveH,
a2(p,q) — b2(q,9)=G(q)  VYq€Q,
bi(u,y) + ba(p,y) — c(9p,y)= 0 VyeZ

"Wrong signs” = Babuska-Brezzi theory not applicable

But!!!!
bo(+,-) induces a compact operator. In fact

(B2(q), W)o o = b2(q, ¥ /ql// (A Hoie)( q)"/’>o.,9’

VqeQ,Vy eZ, where i : HY(Q) — L?(Q).
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Solvability analysis

Decomposition of the problem
Find 4 := (u,p,9) € V:=H x Q x Z, such that

(o +7)a= T,
where & : V=V, ¥ :V—V and %, € V' are defined as:
( (@), V)y,y = a1(u,v) + bi(v,¢) — bi(u,y) +c(9, ) + a2(p, q)
(A (W), V)y,y = ba(p,y) = b2(a,9)
(Fh, V)yy = F(v)+ G(q),

]

for all u=(u,p,¢),v=_(v,q,y)€V.
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Solvability analysis

Lemma
o/ Is invertible.

Proof: Proving the invertibility of <7, is equivalent to proving the
unique solvability of the uncoupled problems:

e Find (u,¢) € HxZ, such that

ai(u,v)+bi(v,9) =Fu(v) VveH,
bi(u,y)—c(9,y¥) =Fz(y) VyeZz,

@ and: Find p € Q, such that

a2(p,q) = Folg) YqeQ.
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Solvability analysis

Lemma
(o + %) is one-to-one.

Proof: It suffices to show that the unique solution to the
homogeneous problem

al(U,V) —|—b1(V,¢):0 Vv eH,
a2(p,q) — b2(q,9)=0  VgeQ,
bi(u,y) + ba(p,y) — c(¢,¥)=0  VyeZ,

is the null vector in V.

Oxford
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Solvability analysis

Theorem

Given f € L2(Q), g € L%(Q) and s € L?(Q), there exists a unique
solution (u,p,¢) € Hx Q x Z to the coupled problem. Moreover,
there exists Csap > 0, independent of A, such that

lulli.a+Ipllia+I¢loe
< Cotat (| flloa+gllo+llg-nll-1/2r, + lIslog) -
Proof:

Inveribility of o7 + injectivity of (& +.#") 4+ compactness of Z +
Fredhlom alternative = well-posedness.
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A Galerkin method

Generic subspaces
H, CH, QnCQ, and Z,CZ

Discrete problem
Find u, € Hy, pp € Qp and ¢y € Zp, such that

a1(un, vp) + bi(vh, ¢n) = F(vp) Vv € Hp,
a2(pn,qn) — b2(qn, 9n) = G(qn) Van € Qp,
by(un, wh) + bo(pn, W) — c(Pn, Wh) = 0 Vy,€Zp
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Solvability

Assumption
There exists ﬁ > 0, independent of h, such that

bi(vp, 5
sup bavn y) > Bllvlloa Vyh€Zp.
vicH\0 |[Vhll1.0
Theorem
Given f € L?(Q), g € L?(Q) and s € L?(R), there exists a unique

solution (up, pp, Pn) € Hp X Qp X Zy, to the discrete coupled problem.
Moreover, there exists Csap > 0, independent of h and A, s.t.

unllr.e+llpalle +¢nlloq

< Cotat (Ifllo + Igllo + g~ nll-1/2r, + lIsllo)-
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Error analysis |

Theorem: Céa's estimate

Let (U,p,¢) eHxQxZand (Uh,ph,(Ph) € Hp, x Qp X Zp, be the
unique solutions of the continuous and discrete coupled problems,
respectively. Then, there exists Ccg, > 0, independent of h and A,
such that

|lu—up|lio+[p—pullie+ ¢ —dnlloo

< Ccea(dist(u,Hp) +dist(p,Qp) + dist(¢,Zp)).

Proof. Inf-sup of b; + exploiting the kernel

Kn:={vh€Hp: bi(vh, Wh) = —ba2(pn, W)+ c(0n, Wh), YWhEZp}

+ error decomposition.
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Error bounds

That was valid for any inf-sup stable approximation. Take e.g.

Hy —{th[Cﬁ)] :v,,‘KGIP’Lb(K) VK e Z, vh:00nr,,}
Zh :={wne C(Q) : yu|, €P1(K) VKeE T}

h.:{thCQ) qh}KEPl(K) VK e 9, qhzoonrp}.

Theorem
Assume that u € H?(Q), p € H?(Q) and ¢ € HY(Q). Then, there
exists C > 0, independent of h and A, s.t.

|lu—up|lio+[p—pullie+ ¢ —dnlloo

< Ch{|lullz.o+ Pl + 19ll1a}-
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What about without inf-sup?

Remark
@ Without the inf-sup condition for by it is still possible to prove that
&/ is invertible and o7 + ¢ is injective.

@ However, the continuous dependence and the Céa estimate involve
constants depending on A.

o Inf-sup unstable methods (e.g. the lowest order [P1]¢ x P; x Pg) will
fail for large A.
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Hy = {vh € [CEN : va|, € [Pe(K)]? YK € T, vy = Oon ru},
Zn = {llth C(ﬁ) : l//h’K G]P)k(K) VK e %},
Qp = {th C(ﬁ) : thKGPk(K) VKe I, qn=0o0n Fp}.

Take for instance the reflected GLS method for Stokes

ai(up,vp) + b1(vh, 9n) = F(vh) Vv € Hy,
a2(Pn;qn) — b2(qn, n) = G(qn)  Van € Qp,
bi(up, Wh) + b2(phs Wn) — E(PnWn) = H(wn)  Yh € Zp,

with
E(On, Wh) = £c(9n, W)+ Y hx(—2udive(up) + Vo, —2udive(vy) T Vh)o k
KeJ,
A(wn) = © Y, hi(F,—2udive(vi) T Vys)ok-

KeJy,
Oxford
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Ex |: Experimental convergence

Manufactured solution in 2D

__(sin“(7xq ) sin(mx2) cos(mx2) . .

N <sin2(7rxz)sin(7rx1)cos(nxl) » P = bsin(mx)sin(mxz).
@ Cantilever bracket with curved sides

@ Scalings a=le4, b=rx

@ Young modulus E = le4, material permeability k¥ = 1e-7, Biot-Willis
coefficient @ = 0.1, constrained specific storage ¢y = le-5,

e Boundary split into ', and I,
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Ex |: Experimental convergence

Mathematical
Institute

100

103

- 0(h) —6-0()
104 g O(h%) . e 0(},2)
— % — Hood-Taylor 107 | - % - Hood-Taylor
—-8-— MINT element —-8-— MINI element
_[ | —e—Stabilized _ 1 | —o—Stabilized
1077 £ | - 4 ~ Lowest order 1077 F | - 4 - Lowest order
G 107 107 0 10 107 07

Figure: Velocity accuracy. Left: v =0.4 (A =14285.7). Right: v =0.49999
and A = 1.66e8.
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Ex |: Experimental convergence

Mathematical
Institute

—-0() —-00)
10-4] ...4...‘0(112) 10-4L ...4...‘0(},2) ]
— % — Hood-Taylor — % — Hood-Taylor
—-8-— MINT element —-8-— MINI element
_[ | —e—Stabilized —o— Stabilized
1077 E |~ 4~ Lowest order —+ - Lowest order
ik 10°

Figure: Pressure accuracy. Left: v =0.4 (A =14285.7). Right: v =0.49999
and A = 1.66e8.

Oxford

Mathematics
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Ex |: Experimental convergence

Mathematical
Institute

—+ e T T
N —-00)
102/ g O(h?) ]
/ — % - Hood-Taylor
wL/ —-8-— MINI element
—o— Stabilized
100 —+ - Lowest order

—o-0(1) 107

e o(hl)

— % — Hood-Taylor
—-8-— MINT element
_[ | —e—Stabilized
1077 £ | - 4 ~ Lowest order

1074

0 07

Figure: Total pressure accuracy. Left: v =0.4 (1 =14285.7). Right:
v =0.49999 and A = 1.66e8.
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Ex Il: Footing problem

4 iioi | @ Block of porous soil
T, I, undergoes a load of oy
e Q=(-50,50) x (0,75),
o E=3e4 N/m?, k =1le-4
m?/Pa, 6y =1.5e4 N/m?
@ ¢g=1e-3, x=0.1,
o v =0.4995
r, eou=0o0nT3
eon=monl1Ul>
Undeformed domain and boundary ¢ p=0 on 9Q

splitting
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Ex Il: Footing problem

Mathematical
Institute

1.20e-02 0.043 0.074 0.1 1.35e-01

77303003 0061 0091 129601
N " Py, (T1,73) |

P, (T1,73) prisyEr

Figure: Pressure. Left: lowest order (inf-sup unstable). Right: MINI-element.
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Ex Il: Footing problem

Mathematical
Institute

-9.74e+03 9173 28081 46990 6.59e+04 1.12e+03 7343 11014 1.58e+04
) | il

& (z1,25) ¢ (z1,22)

Figure: Total pressure. Left: lowest order (inf-sup unstable). Right:
MINI-element.
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Ex Ill: Swelling of a sponge

Mathematical

Institute

@ Dirichlet pressure x; =0 and x; = 1. Zero-flux pressure elsewhere.

@ u-n=0o0nx3=0, xx=0and x3 =0, and zero normal stress
elsewhere

e E=8000, v=0.3, ¢c=0.001, k=1e-5, p=a=1, 1=1/60.

@ No external or internal forces are considered, and neither fluid
sources or sinks

000 0062 012 0.19 025 000 2376 4752 7128 9503.41 000 1385 2771 415 5541.48
[uwn (2,5 e e O (@1,22,25) s il (2, ,73) T
Oxford . . i .
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Ex IV: Terzaghi's consolidation

@ Transient consolidation of a thin porous column

e Top is pervious (zero pore pressure p =0, constant mechanical load
in the vertical direction on = —opes, and free to drain)

@ Bottom is impervious (zero pressure flux kVp-n =0 and zero
displacement u = 0)

@ Zero horizontal displacements on the walls

@ Comparison against asymptotic 1D solution

@ 0y = led [Pa], E=3e4 [N/m?], v=0.2, k=1e-10 [m?], n = 1le-3
[Pas], =0, =1 p=1, T=10[s], At=0.1]s]

@ MINI-element + Py
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Ex IV: Terzaghi's consolidation

Mathematical
Institute

b (o 2, 20)|
1.7e-08 0021 0043 0064 8.6e-02

ot

Oy (21,29 ,75,20)

230+022442 4884 7327 1.0e+04
U

Py (@1,5,24,20)
526:01 2470 4939 7409 9.9e+03
g i

107 . . r . 10"
Exact 1D solution
4 MINI-element 3D solution
.
.
5
t —
107t 1071}
ol
0 0.2 01 0.6 0

Figure: Pseudo-1D time-dependent consolidation benchmark.
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Rotation-based formulation

Linear elasticity

Given a body force f:Q— R? and a prescribed boundary motion g,
find the displacements u: Q — R? s t.

—div[A(divu)l +2ue(u)]

f in Q,
g onl.
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Rotation-based formulation

Displacement-rotation-pressure formulation

Introducing pressure p := —divu and rotations @ := /7 curl u:
Vneaurlo+(1+n)Vp=F in Q,
o—+/nNecurlu=0 in Q,
divu+p=0 in Q,
u=g onl,

where 1 := ﬁ and f = ﬁ;‘

(similarity with vorticity-based formulations for Stokes and Brinkman)

Oxford
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Weak formulation

Find o, p and u s.t.

00—y [ 6-curlu—0 vecz,
Ja Q
(1+Tl)/qu+(1+n)/quivu:0 Vg eQ,
—(1+n)/pdivv+\/ﬁ/a)-curlv:/ f-v VveH.
Q Q Q
Involved spaces:
H:=H}(Q)9 Z:=L%*Q)?, and Q:=L%Q).
Consider the n-dependent scaled norm (thanks to BCs!)

IvIIf = nllcurl v|[§ o + [ div v[§ o-
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Weak formulation

Consider (@, p) together in the product space Z x Q and introduce

2((@.0).(0.9) := [ w-0+(1+m) [ pa.
b((6,q),v) ::(1+n)/§2qdivv—\/ﬁ/ﬂe-curlv,

F(v)::—/Qf-v,

= Find (w,p) and u s.t.

((@,p),(8,9)) +b((6,q),u) = 0 ¥(0,9) € ZxQ,
b((w,p),v) = F(v) Vv e H.
Oxford Ruiz Baier BIRS - Oaxaca Locking-free FEM for poroelasticity 42
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Well-posedness

o Coercivity:
3((6.9).(0.9)) = @[[(6.9)7q  V(6,9) €ZxQ.
@ Inf-sup:

y  2(0:9).v)

ZCHVHH Vv € H.
(6,9)€ZxQ H(eaQ)HZxQ

= There exists a unique solution to the continuous problem, and

lulu+[[(@,p)l[zxQ < GCstab, [Ifllo.0-
indep. of A
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FE discretisation

Discrete functional spaces
Take a shape-regular family {7,(2)}p~0 of partitions and introduce

H, = {Vh cH: Vh|T S <@k(T)d VT € %(Q)}v

Z, .= {9;,6229;,‘7‘6:@;(71(7—)6] VTG%(Q)}, k>1,
Qn:={an € Q: qnlT € P 1(T) VT € Tp(Q)}-

Galerkin scheme
Find (®p, pp) and uy, s.t.

a((@n,pn); (Oh,qn)) +b((8h. gn),us) = 0 V(0h,qn) € Zp x Qp,
b((a)h,ph), Vh) = F(Vh) Vv € Hy.
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Well-posedness FE discretisation

@ Discrete inf-sup:

sup b((Oh,qn),vh)

ZCHVh”H Vv € Hy.
(eh,qh)EZhXQh ||(9h7qh)||z><Q

@ Well-posedness: There exists a unique solution that satisfies

lupllu+[[(@r, pr)llzxo < Cstab |IFllo.q-

indep. of 4
@ Quasi-optimality:
(@ —@n,p—pn)llzxq+[|u—upln
< Cee inf ®—0p,p—qn)|lzxq+ |[u—vh|H-
Cees ((eh’qh)’vh)e(zthh)xHhH( Nzxo+| |
indep. of A
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Error analysis FE discretisation

@ k-th order convergence in the energy norm:

(@ —@hn, p—pn)llzxq + ||u— up|ln < Ch*

o L2-convergence:

|lu—uplloqn < Ch<+1
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Lowest-order FVE discretisation

Based on the primal mesh .7}, we construct a dual mesh .7.* to ensure
local conservativity.

:

mp
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Lowest-order FVE discretisation

Based on the primal and dual partitions 9;,,9,7*, introduce

Hy:={vheH:vyr € 2(T)? VT e.F},
Hy = {vh € L(Q)7 : vilk: € Po(K[) YK} € Ty v]k: = 0 on 90},
Z,={0,eZ:0,7€ Py(T) VT €T},
Qr:=1{gneQ:qnl7€ Po(T) VT € G}

Transfer operator .7 that relates the primal and dual meshes:

:th(sj) (pJ-(x ) — Hhvp(x th si)  x;(x
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Lowest-order FVE discretisation

Find (@p, pp) and oy s.t.

a((®n,pn),(0n,qn)) +b((6h,qn), 1n)= 0,
B((@n,pn),vh)= F(Hhv),

for all ((0n,qn),vh) € (Zh x Qp) X Hp, where

|

B0 an).va) = ~(1+1) 1 /9 - h(Hhvh-n)

|5

- TIZ/ (0n x n)- v

@ Galerkin scheme (instead of Petrov—GaIerkln) thanks to the transfer
operator!
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Well-posedness FVE discretisation

Mathematical
Institute

Continuity + coercivity + Discrete inf-sup

°
@ Unique solvability and continuous dependence on data
o Céa estimate

°

Linear convergence:

— On,p— pn)llzx u—iplln < Ceony,
(0 —d Mizxo+l < C h
N——
indep. of 4
e L2-convergence:
Hu_i\’hHO.QS C.Conv. h2
N—

indep. of 4
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Example 1. Cantilevered beam

Mathematical
Institute

Convergence using the first order mixed FE and FVE schemes, for v =0.49
and v =0.4999, fixing E = 1500.

102 F~0 3
g e O(h) A 0]
\\ —--0(h) 10 \\ —--001)

N - eo(u), mixed FE i I(”(ru). mixd 8
= 10 -5 e (u), mixed FE 4 (o). mixed FE
= -G ru(n) mixed FVE 2 4t % ey(u), mixed FVE
7 ), mixed FVE g <> en(u), mixed FVE;
I =
2 10
2108 i
= :

5 2

=} 1 -

£10 5

° g

Z . 7

<10 B
10°

@ Rectangular beam (L =10, / = 2) subjected to a couple (f = 300)
@ Zero horizontal displacement along the left edge

@ Zero normal stress on the remainder of the boundary
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Example 2: Cook's membrane

Cook’s membrane benchmark (/ =48, w =44, s = 16)
Clamped left edge x =0, shearing load at x =/ of magnitude 1
Zero body force f =0

Traction free boundary condition on non-vertical edges
E=1v=1/3,st. n=1/3

Oxford
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Example 2: Cook's membrane

Mathematical
Institute

Comparison against other formulations for linear elasticity, for
v=0.3, v=0.49999, fixing E = 1500.

24 8
23 7.5 feresnnrenannns
22 7L
21 6.5F
g g
T2 S 6k
= =
A =T (IS B P Fren Reference
1 551 S Mixed with k = 1

-5 Mixed with k = 2
-©-Mixed with k = 3
Taylor-Hood

17 775 3 IS T N N | v TReference) |- MINLelement
/ k=1 ~fr-Pure displ. with k = 1
/ —-Pure displ. with k =2
161/ o k=2 AO-1P DG with k = 1
/ k=3 {)-IP DG with k = 2
15 . L
10' Refinement 102 10° 10" D.of  10° 108
Oxford N . . ..
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Example 3: Clamped beam

Numerical solution using a second-order FE method.

>

(w/4)® (w/8)% (w/16)3 (w/32) (w/64)® Max deflection at
— (01wl

1 |-0.4322-0.4465 -0.4688 -0.4691 -0.4695 \(/;‘;;]y‘);_f"l 1600(&5'&20‘?

-0.4671 -0.4694 -0.4702 -0.4703 -0.4704 &' - " o

3 |-0.4693 -0.4701 -0.4704 -0.4704 -0.4704 P i

N
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Overview

Institute

Coupled elasticity-poroelasticity
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One ongoing extension v
Interface elasticity-poroelasticity problems i

—nPAu® +div(el) = FF in QF,
90— (1) PP’ +div(u") =0 in Q"
(co+a(u?) 'n")p" —ag

fldiv [K(Vppfpg)] =s inQF

3
=i, (6" oP)n=0 g(Vp"fpg) n=0 on ¥
\/;curla)-k(l-l-nE)VPE:fE in QF, s 0 BB a H
0 o —%, 0 PP £4
wf\/ﬁcurluEZO in QF, P 932 —»Qf;‘ 0 ¢ o
diviE+ pE—0 in QF. #3000 T ) \(a,p8) 0
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Ongoing extensions
Interface elasticity-poroelasticity problems

@ Analysis of the continuous formulation

Stability of all bilinear forms
Appropriate inf-sup conditions for the forms defining %; and %3
Fredholm's alternative + two-fold saddle point theory

@ Construction of a Galerkin method and derivation of error bounds

oil industry (reservoir and non-pay rock [Girault et al. 2011])

aircraft design (noise reduction [Rurkowska & Langer 2013])
dentistry (tooth and periodontal ligament [Favino et al. 2013])
cardiovascular models (blood cloth [Buka¢ 2016])

articular cartilage (structural response of joints [De Boer et al. 2017])
geotechnical structures (retaining walls, foundations [Zhang 2009])

Oxford
Mathematics
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Next steps

Mathematical
Institute

1. Poroelasticity applied to cardiac perfusion: modelling considerations
and homogenisation framework for large strains; fixed-point analysis
of mixed formulations and FE schemes

2. Porous-medium cardiac electromechanics: non-linear conductivities
in the electrophysiology + geometric nonlinearities + stress-assisted
conductivity + perfusion model from step 1

3. Interface conditions between myocardium and surrounding organs?

Oxford
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