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Overview ﬂ(“.

Previous lectures:

GL(2)/F adelically (Kenichi)

Rankin-Selberg L-functions following Jacquet, Piatetski-Shapiro and Shalika
The relative modular symbol and algebraicity of special values

Archmedean periods: Non-vanishing and period relations

Today’s lectures:

p-adic distributions attached to finite slope classes
(Kazhdan-Mazur-Schmidt, Schmidt, J.)

Boundedness in the nearly ordinary case
(Schmidt, J.)

Functional equation

)

Manin congruences and independence of weight
()

Interpolation formulae

(Schmidt, J.)

2018-10-04 F. Januszewski p-adic L-functions for GL(n+ 1) x GL(n) Ill BIRS-CMO Oaxaca



Table of Contents

Karlsruhe Institute of Technology

Cohomological construction of p-adic distributions
Cohomological setup
The modular symbol
The distribution relation
The p-adic measure
Functional equation
Manin congruences
Independence of weight
Non-abelian measures

2 2018-10-04 . Januszewski p-adic L-functions for GL(n + 1) x GL(n) Il BIRS-CMO Oaxaca



3

Cohomological setup ﬂ(“.

F/Q number field, A adéles over Q, A = A®q F

G = Gpiy1 x Gy = resg;qGL(n+1) x GL(n)

H = Gp=resg/qGL(n)

A : H— G g~ (diag(g.1).9)

S C G maximal Q-split torus in the center (rank 2)
Kx <€ G(R) maxl compact
Ko = S(R)°K., C G(R)
Lo = KoNH(R) C H(R) max’| compact

K C G A(°°)) compact open

L C

) = G(Q\G(A)/KsK
(L) = H(Q\H(A)/LoL
i (L) — Z(K) proper, whenever L C K

(

H(A®))  compact open
(
(
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Cohomological setup ﬂ(“.

p a rational prime, E/Qy finite, O C E its valuation ring

B = TU upperBorelin G
u : O-Lie algebra of U
A :  B-dominant E-rational weight of G
Lyg : irred. rep. of G of heighest wt A over E
Vo : B-lowest weight vectorin L, g
Lo = Uu)-vy C Lg O-lattice
Lya for Ac {E,0,E/0,0/pP0,pPO/0}
g € GA™)
gdlo = Lyeng-(Lo®z,Z) forany O-lattice Lo C Ly g
ty : 2(gKg ') — 2 (K) right translation by g
Tg @ tglo — gL, canonical map of associated sheaves
ty : T(ULp)—T(Ug ' gL,) ‘ormalized' pullback
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Cohomological setup ﬂ(“.

Forx € Fy' = (F®qQp)* and & > &’ > 0 put:

te = diag(x", x"1,..., x) € GLn(Fp) = H(Qp)
o = {keG(Zp)|keB(Zp/p")and k € UZy/p*)}
Up = luoD(to)lys = L] Utply 4

uel(Zp) /bU(Zp)t; !

= TT(Weu)s®
plp

Koo = KP xly,
p-optimal Hecke action: Putforv e L) gandte T(Qp):
tev = AV(t)-(t-v) = (=A")(t)-(t-v)
Thenforany ¢ € Hy (2 (Ky «)i Lra):
Upeg € H;(%(Ka’,a);LA,A)
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The modular symbol ﬂ(“'

Let w, € GL,(Z) denote the antidiagonal matrix. Introduce

]

hy = " € GLp11(2)
0 ... 0 1

h = (hpdiag(t_1,1),15) € G(Zp)

g = hth e G(zZp)

Proposition (Schmidt, J.)
Forp>a>a',a>0,35:=H(Qp)N gﬁ;la/,agl;1 is independent of « and o’ and

- n o1 (n+2)(n+1)n+(n+1)n(n—1)
(HZp):3) = TIII(1-a") -¢* ‘
vip u=1
detdg = 1+pPOp
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The modular symbol AT
This implies:
C(pF) = F\AZ/FS-det (gpKyag; ' NHIA®))
= FX\AZ/F - det (K<P> N H(A<P°°>)) (14 pPOp)
This class group parametrizes the connected components of #(Lg) where
Ly = gﬁKaf,ag§1 NH(A®)

only depends on B.
Assume there is j € Z and a non-zero H-intertwining

i Lye— (NF/Q ®det)®j = E(/)
Fact: h and golfgo‘1 are transversal. Therefore, 17;(govo) # 0 and may define

1i(v)
A Laa—Ap, v —/——=
TiAs ShA W 11;(90vo)
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The modular symbol ﬂ(“'

For x € C(pP), define the modular symbol
Pl g0 HIMT (2 (Ky )i Laa) = Ag),

AxpB - c,ord
oo [ maer [ 5] (0 o)
& (Lg)[x]

Put
LY = (=A")(8) - de- U(uh) -ggvo, Ly = Lyh®A

The elementary relation Liii\ c Ll:% shows

(A" () - t,(Up" 0 9) € LT < L3
Hence 2", ; is well defined. Define:
Ha(@) = Y 2y () -x € Ay @0 O[C(PP)] =: Ay C(pP)]

xeC(ph)
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The distribution relation ﬂ(“'

For any g > ' > 0 the canonical projection C(pf) — C(pﬂ/) induces an O-linear
epimorphism
resg, : o AplCpP)] = A(j)[C(Pﬂ )]

Proposition (Schmidt, J.)
For any cohomology class ¢ and any B > B’ > 0 we have the distribution relation

resty (Wah(9)) = 1yl (9)

Lemma
Letu e U(Zp), B > 0. Then:
(i 3k € ha s hth-uty = hthT Ky (1)

(ily Forany k, = (kl,, kl!) in (1) the residue class det k!, (mod pP*') is uniquely
determined by u € U(Zp)/t,U(Zp)t, ' and lies in 1 + pPOp.

(i) U(Zp)/tU(Zp)ty " = (14 PPOp) /(14 PP 0p), U = detk,
is a surjective group homomorphism.
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The distribution relation ﬂ(“'

Proof (of the Proposition): Using the Lemma, unfold

yﬁ\\iﬁ(‘f’) = @Axﬂ(UpU 1‘¢)
= [ maer [Am) ) 8] (WUob, P eg)
@ (Lg)[x]
-/ Y ot [(-A) M) | (U FVg)

Y (Lg)[x] uel(2Zp)/tpU(Zp) 15"

= ) [some index]*1/ njaci® [(7)\%)(1‘5“) tgA,w] (U B g)

! Y (Lgy)[x det(K))]
_ A
- Z ’@A,x+ypﬁ,5+1 (4))
y (mod p)
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The p-adic measure ﬂ(“.

By the previous Proposition we have a projective system (yﬁ:’é(q)))ﬁ. Put
Cr(p™) = lim Ce(pP)
B

Wl (9) = jm Hals (@)
Summing up, we obtain an O-linear map
WA HEm (2 (Ko a)i Lya) = A [1CE(p™)]]
For A = O we obtain for every nearly ordinary ¢ a p-adic measure
15 (9) € OlCr(p™)]]

For A = E we obtain for every finite slope ¢ a p-adic distribution y)é'j(qb)
whose growth is bounded in terms of the slope.

1 2018-10-04 F. Januszewski p-adic L-functions for GL(n+ 1) x GL(n) Ill BIRS-CMO Oaxaca



12

Functional equation ﬂ(“'

Consider the involution of GL(n):
. t 1
Lt g Wpg 'wy

stabilizes By, Tp, Un, hence induces an involution on the Hecke algebra at p
sends A to AY, hence induces identifications Lyv 4 = 1*(L, 4), get

(7)\/ : LA,A — L/\v'A, Vi vY

likewise for sheaves, since : stabilizes 27 (K, ,) and #,(Lg). Therefore, + induces
an involution
HEmd” (2 (K a)i Ly,a) = HEd (2 (K w)iLav,a), ¢ ¢

C

Proposition (Functional equation, J.)
WA @00 = i M) (=1)x )

Proof: Relies on 1(gg) = wp - tg? Wy € ((1n+1,l‘g)/w,a("nm,t,;ﬁ) NH)gply «
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Manin congruences ﬂ(“.

Goal: Relate yﬁ'ﬁ (¢) and yﬁ'fz (¢) for j1 # Jo.

Observe that by construction,
i* [(_AWO)(tg) . tgﬁ} (Up_’B op) € Hﬁ‘my(@(Lﬁ);Lij’é)

where

X,

Ly = dkh-(felio)
= (=A%) (1)) - dhgp - Lro

Therefore, we have to answer the question

Mo(Lyh) =2 (mod pPLy o)
In the case of GL(2), Manin solved this by explicit computation in Sym*~2 02

This approach also works in the presence of complex places (Namikawa, 2016)
This was also successful forn=2, A = (1,0, —1) ® (1,0) (Schwab, 2015)
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AT

Manin congruences

Let B > 0. Recall gg = htg. Write 9% g = gﬁagﬁ”.

Lemma

(i) We have %bz = %b,
(i) The subgroups H and 9 B~ are transversal, i.e.

g = be @%bz

(iii)
U(ge) = U(be) @ U(%bg)
(iv)
U(%uo) € (0 +pPU(0)) 2o (O +pPU(®by))
This is of relevance because
Ly = (—=A")(1h) - dy - U(%uo) - gsvo.

BIRS-CMO Oaxaca
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Manin congruences

A direct computation using the Lemma shows
Proposition
(i) For every non-zero H-invarianty; : Ly g — E; we have 17i(govo) # 0.
(i) Forallxe O*,p>0,ve LX"%, there is a constant Qﬁ"’ € O with:
(V) = Nea(x) - 05 15(gov0)  (mod O - pPryi(govo))
(i) For all j4 and j» admitting H-invariant functionals:
1,0(V) - NE,g(x) = 1,0(V) - Nijq(x)  (mod pP)

Theorem (J.,2017)
Assume that two non-zero H-linear nj;,, 1jj, : Ly g — E(; are given. Then

W2(X) (X2 1 (@) (%) = Wt () (XYL 1R () (%)
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Independence of weight ﬂ(“'

For A= p=*O/O, our construction also yields a map
s HIR (2 (Kew)i L peo/0) = (P70 0) 5 [[C(p™)]]
Passing to the direct limit gives us
M HINY (Kewi Ligso) = (E/0)[[C(p™)]]

Theorem (Independence of weight, J., 2017)
For any A with (L, g)" # 0 we have a commuting square

HIMY (Ko L 10) —s (K/O) (o) [[C(0%)]]

HIM Y (Koooi K/ Q) ——— (K/O) ) [[C(p)]]

c,ord

where 7t is Hida’s weight comparison map.

16 2018-10-04  F.Januszewski p-adic L-functions for GL(n+ 1) x GL(n) Ill BIRS-CMO Oaxaca



Non-abelian measures A

Karlsruhe Institute of Technology

By specialization, we may consider
Loy /C(pw> dp*® € Homo(HI™ Y (Keowoi Ly £/0), E/O)
Hg;g X — dlm@(Koo,oo; O)

This is independent of A. Now dim 2" — dim & is the top degree.

Specialization a la Hida recovers the previously constructed measures yi;’(gb).
F/Q: CM or totally real or assume existence of Galois representations for torsion
classes for GL(n+ 1) x GL(n)

m : non-Eisenstein maximal ideal in Hida’s universal nearly ordinary Hecke algebra
hord (Keo,e0; O), i.€. the residual Galois representation is of the form

Om = pn+1 ®P,

with absolutely irreducible o, ; and p,, of dimensions n+ 1 and n.
Conjecturally,

Hgli‘?%_dimfy(Kmvm;LAV,O)m = hord(KOOyoo;O)m

and LY € hyug (Keo,o0i O) .
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Setup

Karlsruhe Institute of Technology

F/Q a totally real number field

N m -

N 1N

Gopn = resg,q GL(2n)

Gn x Gp =resg,q GL(n) x GL(n)

H— G, g — diag(g,9)

G maximal Q-split torus in the center (rank 1)
G(R) max’| compact

S(R)°K C G(R)

KoNH(R) = S(R)®-[max’| compact]

9)

A(°°)) compact open

G(Q)\G(A) /KK
H(Q)\H(A)/LeL
(L) — Z(K) proper, whenever L C K

(

H(A®))  compact open
(
(
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Setup ﬂ(“.

p a rational prime, E/Qy finite, O C E its valuation ring

B = TU upperBorelin G

u : O-Lie algebra of U

A :  B-dominant E-rational weight of G

P = HN upper maximal (n, n)-parabolic in G

fp = diag(p-1n,1n) € GLop(Fp) = G(Qp)
lvo = {keGZp)|keB(Zy/p")and ke UZp/p*)}
Up = lab(lo)la = |_| Ulply

UEN(Zp)/ pN(Zp)ty !

— H U';’p (p)

plp
Koo = KP xly,

_ 1, wp
= (o )
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The modular symbol ﬂ(“'

Put again gg = htg and observe
H(Qp) Ngploagy’ = {diag(hs, ho) | by " € 10+ Mn(Op)}
Define C(pP) appropriately and define the modular symbol as before:
322,’?/3 : Hg,ig;d@/(%(Ka’,a);ﬂ) = Agj)
oo [ maet [A)E) 8] (U ).
& (Lp)[x]
Likewise, define finite measures:

Ka(@) = Y Pala()-x € AylC(pP)]
xeC(pP)
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Properties
(jt. with M. Dimitrov and A. Raghuram)

B\

Karlsruhe Institute of Technology

Put ) )
() = I'%ué'{ﬁ(qb) € O[[C(p™)]]

So far have to assume «’ = 0.

This is a bounded measure in the ordinary case.
Satisfies Manin’s congruences.

Independent of weight as well.

Have an interpolation formula for cuspidal automorphic regular algebraic IT of
GL2,(Afg) admitting a Shalika model, i.e. transfers from globally generic
cuspidal representations of GSpin,,,, {(Af), which are Up-ordinary, P-regular
and spherical at p.
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To be continued.

Karlsruhe Institute of Technology

Thank you for your attention.

23 20181004  F. Januszewski p-adic L-functions for GL(n+ 1) x GL(n) Il BIRS-CMO Oaxaca



	Cohomological construction of p-adic distributions
	Cohomological setup
	The modular symbol
	The distribution relation
	The p-adic measure
	Functional equation
	Manin congruences
	Independence of weight
	Non-abelian measures

	Remarks about `39`42`"613A``45`47`"603AGL(2n)
	Setup
	The modular symbol
	Properties


