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Aim of the talk

Aim

advertising some results about entropic transport

while providing a new proof of a standard result



HWI

relative entropy: H(p|r) :=
∫

log(dp/dr) dp ∈ [0,∞]

m = e−V Leb ∈ P(Rn), HessV ≥ κId, κ ∈ R
µ0, µ1, ν ∈ P(Rn)

transport cost: W 2
2(µ0, µ1) = infπ

∫
Rn×Rn |y − x |2 π(dxdy)

Fisher information: I (ν|m) :=
∫
Rn |∇ log(dν/dm)|2 dν

HWI∗ inequality [Otto-Villani]

H(µ1|m)− H(µ0|m) ≤W2(µ0, µ1)
√

I (µ1|m)− κW 2
2 (µ0, µ1)/2, ∀µ0, µ1

HWI: H(ν|m) ≤W2(ν,m)
√

I (ν|m)− κW 2
2 (ν,m)/2, ∀ν

Talagrand: κW 2
2 (ν,m)/2 ≤ H(ν|m), (κ > 0), ∀ν

log-Sobolev: H(ν|m) ≤ I (ν|m)/(2κ), (κ > 0), ∀ν



HWI

HWI∗ inequality

H(µ1|m)− H(µ0|m) ≤W2(µ0, µ1)
√

I (µ1|m)− κW 2
2 (µ0, µ1)/2, ∀µ0, µ1

h(1)− h(0) = h′(1)−
∫ 1

0 th′′(t) dt

t 7→ h(t) = H(µt |m), (µt)0≤t≤1 : displacement interpolation

remainder of the talk: ”stochastic” proof of HWI∗

replace displacement interpolations by entropic interpolations

1 Schrödinger’s problem: entropic interpolations

2 W2 : slowing down

3 I : entropic actions

4 convexity of t 7→ H(µt |m) : equations of motion



Entropic interpolations

state space: X
reference probability measure: r ∈ P(X )

particle system: (ζ1, . . . , ζN) ∼ iid(r)

empirical measure: ζ̂N := N−1
∑

1≤i≤N δζi ∈ P(X )

observe: ζ̂N(obs) ∈ C

conditional LLN

“knowing that ζ̂N ∈ C”, ζ̂N −→
N→∞

pC , a.s.

who is pC?



Entropic interpolations

conditional LLN

“knowing that ζ̂N ∈ C”, ζ̂N −→
N→∞

pC , a.s.

pC : unique (if C is convex) solution of

H(p|r)→ min; p ∈ C

Sanov’s theorem

P(ζ̂N ∈ O) �
N→∞

exp
(
− N inf

p∈O
H(p|r)

)
, O ⊂ P(X )



Entropic interpolations

heat bath

state space: Rn

Ω = {paths}
evolution: R ∈ P(Ω), Markov, L = (−∇V · ∇+ ∆)/2

equilibrium: m = e−V Leb

Z = (Zt)t≥0: Zt = Z0 − 1
2

∫ t
0 ∇V (Zs) ds + Wt ,

W: Brownian motion

Rµ0 : Z0 ∼ µ0 ∈ P(Rn), Z ∼ Rµ0 ∈ P(Ω)

Rm = R is reversible

heat flow

Rµ0
t = µ0e

tL ∈ P(Rn), t ≥ 0



Entropic interpolations

N particles travel in the heat bath

no interaction

N →∞

particles

(Z1, . . . ,ZN) ∼ (Rµ0)⊗N

ẐN := N−1
∑

1≤i≤N δZi , random values in P(Ω)

law of large numbers: limN→∞ ẐN = Rµ0 , a.s.
limN→∞ ẐN

t = Rµ0
t = µ0e

tL, a.s.

time interval: [0, 1]



Entropic interpolations

Schrödinger’s question (a thought experiment)

Suppose that you observe ẐN
1 (obs) ' µ1, with µ1 far from the expected

profile Rµ0
1 = µ0e

L. What is the most likely behavior of (ẐN
t )0≤t≤1?

Schrödinger’s answer

1 solve: H(P|Rµ0)→ min, P ∈ P(Ω) : P1 = µ1

2 take: µt = Pt , 0 ≤ t ≤ 1.

H(P|Rµ0) = H(P|R)− H(µ0|R0)

Schrödinger’s problem

H(P|R)→ min, P ∈ P(Ω) : P0 = µ0, P1 = µ1 (S)

entropic interpolation (definition)

[µ0, µ1]R = (µt)0≤t≤1, µt := Pt , 0 ≤ t ≤ 1, P = sol(S)



Slowing down

slowing down

0 < ε ≤ 1, ε→ 0

Zεt := Zεt , 0 ≤ t ≤ 1

b := −∇V /2

R: dZt = b(Zt) dt + dWt , Z0 ∼ m

Rε : dZεt = εb(Zεt) dt +
√
εdWt , Zε0 ∼ m

LR
ε

= εL = ε(b · ∇+ ∆/2)

Rε is m-reversible

limε→0 R
ε(· | X0 = x ,X1 = y) = δγxy



Slowing down

ε-Schrödinger problem

εH(P|Rε)→ min; P ∈ P(Ω) : P0 = µ0, P1 = µ1 (Sε)

Monge-Kantorovich problem

EP

∫
[0,1] |Ẋt |2/2 dt → min; P ∈ P(Ω) : P0 = µ0, P1 = µ1 (MK)

sol(Sε) =: Pε, sol(MK) =: P

[Mikami, L.]

Γ- limε→0(Sε) = (MK)

limε→0+ inf(Sε) = inf(MK)= W 2
2 (µ0, µ1)/2

limε→0+ Pε := P ∈ sol(MK), (subsequence)

limε→0+ [µ0, µ1]ε := [µ0, µ1]MK, (subsequence)



Entropic actions

P ∈ P(Ω):
−→
L P = −→v P · ∇+ ε∆/2, Markov

stochastic velocities (Nelson)

forward: −→v P
t (z) := limh→0+ EP

(
Xt+h−Xt

h | Xt = z
)

backward: ←−v P
t (z) := limh→0+ EP

(
Xt−h−Xt

h | Xt = z
)

time reversal: ←−v P
t = −→v P∗

1−t , P∗ : time-reversed of P

momentum: βP := ε−1(vP − vR), βP = βP|R

results

if H(P|Rε) <∞, then:

H(P|Rε) = H(P0|m) + εEP

∫
[0,1] |
−→
β P(t,Xt)|2/2 dt

H(P|Rε) = H(P1|m) + εEP

∫
[0,1] |
←−
β P(t,Xt)|2/2 dt



Entropic actions

stochastic velocities (Nelson)

current: v cu,P := (−→v P −←−v P)/2

osmotic: vos,P := (−→v P +←−v P)/2

momentum: βP := ε−1(vP − vR)

results

∂tµ+∇ · (µv cu,P) = 0, µt := dPt/dLeb (continuity equation)

βos,P = ∇ log
√
ρ, ρt := dPt/dm (time reversal)

Fisher information

I (µ|m) :=
∫
Rn |∇ log ρ|2 dµ = 4

∫
Rn |βos,P |2 dµ



Entropic actions

forward:
−→
A (P|Rε) := H(P|Rε,P0→) = εEP

∫
[0,1] |
−→
β P(t,Xt)|2/2 dt

backward:
←−
A (P|Rε) := H(P|Rε,←P1) = εEP

∫
[0,1] |
←−
β P(t,Xt)|2/2 dt

entropic action

A(P|Rε) :=
[−→
A (P|Rε) +

←−
A (P|Rε)

]
/2

result

(Sε) is equivalent to:
εA(P|Rε)→ min; P ∈ P(Ω) : P0 = µ0, P1 = µ1

H(P|R) = H(P∗|R∗) = H(P∗|R)



Entropic actions

current: Acu(P|Rε) := εEP

∫
[0,1] |β

cu,P(t,Xt)|2/2 dt

osmotic: Aos(P|Rε) := εEP

∫
[0,1] |β

os,P(t,Xt)|2/2 dt

a relevant decomposition

εA(P|Rε) = εAcu(P|Rε) + εAos(P|Rε)
=
∫

[0,1]×Rn |v cu,P |2/2 dtdµt + ε2/8
∫

[0,1] I (µt |m) dt

parallelogram identity: (|
−→
β |2 + |

←−
β |2)/2 = |βcu|2 + |βos|2

recall: limε→0 εA(Pε|Rε) = W 2
2 (µ0, µ1)/2

biblio: Chen-Georgiou-Pavon, Gentil-L-Ripani



Equations of motion

R : reference Markov measure

result

if it exists, the unique solution P of (S) satisfies

P is Markov

there exist f0, g1 such that: P = f0(X0)g1(X1)R

{
ft(z) := ER [f0(X0)|Xt = z ]
gt(z) := ER [g1(X1)|Xt = z ]

Born decomposition

µt = ftgt m, 0 ≤ t ≤ 1

f , g solve forward and backward linear “heat equations”

biblio: Schrödinger (1932), Zambrini (1986), L. (2014)



Equations of motion

define:
←−
L P

t :=
−→
L P∗

1−t

assume: R is reversible,
−→
L R =

←−
L R =: L

define: Γ(u, v) := L(uv)− uLv − vLu (carré du champ)

result

P is Markov
←−
L P

t = L +
Γ(ft , ·)

ft
,
−→
L P

t = L +
Γ(gt , ·)

gt
, 0 ≤ t ≤ 1

h-transform



Equations of motion

f , g solve forward and backward heat equations{
(−∂t + L)f = 0
f|t=0 = f0

{
(∂t + L)g = 0
g|t=1 = g1

define: ϕ := log f , ψ := log g

define: Bu := e−uLeu

ϕ, ψ solve forward and backward HJB equations{
(−∂t + B)ϕ = 0
ϕ|t=0 = ϕ0

{
(∂t + B)ψ = 0
ψ|t=1 = ψ1



Equations of motion

−→
L P

t = Lψt ,
←−
L P

t = Lϕt

ψ-representation {
(∂t + B)ψ = 0; ← ψ1

(−∂t + Lψt )µ = 0; µ0 →

ϕ-representation {
(−∂t + B)ϕ = 0; ϕ0 →
(∂t + Lϕt )µ = 0; ← µ1

time reversal

ϕ+ ψ = log ρ



Equations of motion

L = (b · ∇+ ∆/2), Bu = Lu + |∇u|2/2

Lε := εL

Bεu := e−uLεeu = εBu

{
(−∂t + εB)ϕ = 0
ϕ|t=0 = ϕ0

{
(∂t + εB)ψ = 0
ψ|t=1 = ψ1

ϕ,ψ ≈ O(ε−1)

result
−→
β = ∇ψ,

←−
β = ∇ϕ

−→v P = εb + ε
−→
β , ←−v P = εb + ε

←−
β ,



Equations of motion

Γn : nth iteration of ΓL, (ε = 1)

Γ0(ϕ) = ϕ2, Γ1(ϕ) = |∇ϕ|2, Γ2(ϕ) =
∑

i ,j(∂i∂jϕ)2 + HessV (∇ϕ)

ΓLε
n = εnΓn

conserved quantities

t 7→
∫
Rn Γn(ft , gt) dm is constant, n ≥ 0

n = 0 :
∫
Rn Γ0(ft , gt) dm =

∫
Rn ftgt dm = 1, (conservation of mass)

n = 1 :
∫
Rn Γ(ft , gt) dm = −

∫
Rn

−→
β t ·
←−
β t dµt

= −
∫
Rn |βcut |2 dµt +

∫
Rn |βost |2 dµt

t 7→
∫
Rn |v cu|2 dµεt − ε2/4

∫
Rn I (µt |m) dµt is constant



Derivatives of the entropy

recall: βos = ∇ log
√
ρ, ∂tµ+∇ · (µv cu) = 0

denote: h(t) := H(µεt |m)

derivatives of the entropy (1), [L]

h′(t) = ε/2
∫
Rn{Γ(ψt)− Γ(ϕt)} dµt

ε(Γ(ψ)− Γ(ϕ)) = ε(|
−→
β |2 − |

←−
β |2) = 4εβos · βcu = 4βos · v cu

h′(t) = 2
∫
Rn β

os
t · v cut dµt =

∫
Rn ∇ log ρt · v cut dµt

makes Otto’s heuristics rigorous

h′(t) “ = ”
〈
gradW2

µt H(·|m), µ̇t
〉
µt

|h′(t)| ≤
√

I (µt |m)
[∫

Rn |v cut |2 dµt
]1/2



Derivatives of the entropy

derivatives of the entropy (2), [L.]

h′′(t) = ε2/2
∫
Rn{Γ2(ψt) + Γ2(ϕt)} dµt

HessV ≥ κId, κ ∈ R
Γ2(ϕ) ≥ HessV (∇ϕ) ≥ κ|∇ϕ|2

ε2/2 (Γ2(ψ) + Γ2(ϕ)) ≥ ε2κ/2 (|
−→
β |2 + |

←−
β |2)

= κ(|v cu|2 + ε2|βos|2)

h′′(t) ≥ κ
∫
Rn |v cut |2 dµt + κε2I (µt |m)/4



HWI

H(µ1|m)− H(µ0|m) ≤W2(µ0, µ1)
√

I (µ1|m)− κW 2
2 (µ0, µ1)/2

sketch of proof

h(1)− h(0) = h′(1)−
∫ 1

0 th′′(t) dt

hε(t) = H(µεt |m), ε→ 0

h′ε(1) ≤
[∫

Rn |v cu,ε1 |2 dµ1

]1/2 √
I (µ1|m)∫

[0,1] th
′′
ε (t) ≥ κ

∫
[0,1]×Rn t|v cu,εt |2 dtdµεt + κε2

∫
[0,1] tI (µ

ε
t |m) dt/4

t 7→
∫
Rn |v cu,εt |2 dµεt − ε2/4

∫
Rn I (µ

ε
t |m) dµεt is constant

limε→0+

∫
[0,1]×Rn |v cu,εt |2 dtdµεt = W 2

2 (µ0, µ1)

limε→0+ ε2
∫

[0,1] I (µ
ε
t |m) dt = 0

put everything together �



Main features

instructions for use
1 use the two directions of time to compute the time derivatives

2 express the forward and backward entropic actions with
−→
β and

←−
β

3 use the parallelogram identity to express them in terms of current and
osmotic actions

4 slow down the reference process

the osmotic action is a small perturbation of the current action

it allows to follow Otto’s heuristics with rigorous calculations
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gracias por su atención



Erwin Schrödinger

The non-physicist finds it hard to believe that really the ordinary laws of
physics, which he regards as the prototype of inviolable precision, should
be based on the statistical tendency of matter to go over into disorder.


